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Summary. The paper investigates the nature of market failure in a dynamic
version of Akerlof (1970) where identical cohorts of a durable good enter the
market over time. In the dynamic model, equilibria with qualitatively different
properties emerge. Typically, in equilibria of the dynamic model, sellers with
higher quality wait in order to sell and wait more than sellers of lower quality. The
main result is thator any distribution of quality there exist annfinite number of
cyclical equilibria whereall goods are traded within a certain number of periods
after entering the market.
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1 Introduction

Since the pioneering work of Akerlof (1970) it is a commonplace to argue that
asymmetric information is an important source of market failure in competitive
markets. The standard model of adverse selection considers a static market with
atomistic agents whose valuations depend on quality. A standard result is that
only low quality goods are traded (if at all) even if the buyers are willing to pay
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on http://www.few.eur.nl/few/people/janssen/.
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more than the reservation price of sellers for each individual quality (see also,
Wilson, 1979, 1980). This so-callddmons problem affects a large spectrum of
markets, including the classic example of second-hand car markets, insurance
markets, labor markets, financial markets and, apparently, even the market for
thoroughbred yearlings (Chezum and Wimmer, 1996). In many of the above
cases, the good under consideration is a durable good.

Durability introduces two complicating factors that are difficult to analyze in
a static model. First, goods not traded in any period can be offered for sale in
the future and, in addition, new cohorts of potential sellers may enter the market
over time. Janssen and Roy (1999, 2001) have investigated some of the issues
that arise when durability is explicitly taken into account in a dynamic model.
Janssen and Roy (2001) address the issue whetlgerea stock of goods can
be traded over time. They show that in any dynamic competitive equilibrium all
goods eventually will be traded. That paper makes use of the essential idea that
durable goods have a use value in every period the good is owned. The main
intuition for their result is that given the same sequence of intertemporal prices
low quality sellers have less incentives to wait before selling (due to a lower use
value of the good) compared to high quality sellers. Once certain (low) qualities
are sold, however, only relatively high qualities remain in the market. Consumers
can predict that sellers of different qualities will sort themselves into different
time periods and, hence, they are willing to pay higher prices in later periods.
The equilibrium is thus one in which higher qualities are sold in later periods at
higher prices.

Janssen and Roy (1999) address the same issue in the context of markets
where identical cohorts of goods enter the market over time. They restrict their
analysis, however, to the case where the quality of cars entering the market
is uniformly distributed. In such markets, the infinite repetition of the static
equilibrium under adverse selection is an equilibrium of the dynamic model. In
fact, it is the unique stationary equilibrium and also the only equilibrium where
prices and average quality traded are (weakly) monotonic over time. They show
that there existsat least one other equilibrium, however, wherall goods are
traded within finite time after they have entered the market. This equilibrium is
cyclical in prices and quantities in the sense that once all goods are traded, prices
and quantities will fall. Up to the moment all goods are sold, prices and expected
quality monotonically increase.

In the present paper we generalize the model of Janssen and Roy (1999)
and derive a number of additional results. First, we relax the assumption that
in every period a cohort ofiniformly distributed qualities enters the market.
Instead, we allow for almost any arbitrary distribution to enter the market over
time. Second, our results are stronger in the sense that we show the existence
of aninfinite number of equilibria, wherall goods are traded within finite time
after they have entered the market. Hence, there is a strong sense in which
a coordination problem is present in such dynamic markets with asymmetric
information. Finally, we show the extent to which the uniform distribution is
special. It turns out that for distributions that have relatively little probability
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mass in the neighborhood of the static equilibrium it is impossible (if the discount
factor is relatively small) to construct a dynamic equilibrium with monotonically
increasing prices and quantities up to the moment everything is sold. We provide
an example where this is the case. Hence, the equilibrium construction that is
used to prove the existence of a cyclical equilibrium for the uniform distribution
does not extend naturally to the class of all distributions.

The main economic insight this paper delivers is to provide a different per-
spective on the adverse selection problem. In the static Akerlof-Wilson model,
the adverse selection problem manifests itself in the fact that relatively high qual-
ity goods cannot be traded despite the potential gains from trade. In the dynamic
market for durable goods, themons problem is not so much the impossibility of
trading relatively high quality goods, but rather that sellers with relatively high
quality goods need to wait in order to trati&o, the cost of waiting becomes an
important factor in the welfare loss arising due to asymmetric information. Also,
as there exists an infinite number of equilibria, there is a serious coordination
problem present in dynamic markets with adverse selection.

Our specific model is as follows. We consider a competitive market for a
perfectly durable good where potential sellers are privately informed about the
quality of the goods they own. Each period, a cohort of sellers of equal size
and with an identical, but arbitrary, distribution of quality enters the market.
The demand side is modeled in the following simple way. Buyers are identical
and demand one unit of the good. Moreover, for any given quality a buyer's
willingness to pay is larger than the seller's reservation price. As buyers do
not know the quality, their willingness to pay in a period equals the expected
valuation of goods traded in that period. Moreover, there are more buyers than
sellers in each period so that, in equilibrium, price equals expected valuation.
Once traded, goods are not re-sold in the same maérket.

The Akerlof-Wilson model can be considered the static version of our model.
Adverse selection implies that in any equilibrium only certain ranges of relatively
low qualities can be traded. The infinitely repeated version of a static equilib-
rium outcome is also an equilibrium in our dynamic model. Hence, the issue of
existence of dynamic equilibria is easily resolved. In this dynamic equilibrium
high quality goods remain unsold forever.

We concentrate on the existence of other equilibria with more interesting
properties where prices and average quality traded fluctuate over time. We pro-
vide a characterization result saying that in all such equilibria the range of quali-

1 There are certain situations in which the fact that a seller has waited for a long time might
indicate low rather than high quality. This would be true, for example, when the buyers can inspect
quality — high valuation buyers are more likely to inspect and select the relatively high quality
houses — leaving unsold goods of relatively low quality for later periods (Taylor, 1999). A paper
with a similar spirit is that of Vettas (1997). As stated earlier, our model is designed to understand
the nature of the lemons problem and so we do not allow for any technology, which can directly
modify the information structure.

2 Our analysis bears some resemblance to that by Sobel (1991) of a durable goods monopoly
where new cohorts of consumers enter the market over time. Unlike our framework, there is no
correlation between the valuations of buyers and sellers in his model.
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ties that are eventually traded in the market exceeds that in the stationary (static)
outcome. Moreover, sellers of different qualities within each cohort of entrants
separate themselves out over time where owners of goods with lower quality trade
earlier and owners of higher quality goods wait longer. In order to highlight the
waiting aspect of the adverse selection problem in dynamic markets, the main
part of the analysis is devoted to proving the existence of an equilibrium where
every potential seller entering the market trades within a certain finite number
of periods after entering the market. We show in fact that an infinite number of
these equilibria exist.

The main intuition for (and the driving force behind) the results is that buyers
and sellers are interested in the use (consumption) value of the good as well as
in its exchange value. We think this is true for durable goods like (used) cars
and houses. Given a sequence of market prices (which are the same for every
seller), sellers decide to sell at the moment when the market price at a particular
moment is larger than the discounted sum of the use value of the good from
that moment onwards. As the use value of low quality goods is lower than that
of high quality goods, low quality sellers sell earlier (and at lower prices) than
high quality sellers. Buyers are interested in buying the good as we maintain the
assumption (typical of all adverse selection models in the spirit of Akerlof) that
for any given quality, a buyer’s use value exceeds the use value of the seller.
Hence, market prices can be such that they are larger than the discounted sum
of the seller’'s use value of the good, but lower than the discounted sum of the
buyers’ use value.

There are three important intertemporal factors in the market, which determine
the market dynamics in all the non-stationary equilibria of our model. First, once
a certain range of quality is traded, only sellers of higher quality goods are left
in the market, which tends to improve the distribution of quality of potentially
tradable goods in the future. Second, the entry of a new cohort of potential
sellers with goods of all possible quality dilutes the average quality of potentially
tradable goods, as they cannot be distinguished by buyers from higher quality
sellers left over from the past. Finally, as time progresses and stocks of untraded
goods accumulate from the past, the new cohort of traders entering the market in
any period becomes increasingly less significant in determining the distribution
of quality of tradable goods.

Other recent literatufeon adverse selection has focused on various processes
(such as signaling and screening) through which the difficulties of trading un-
der asymmetric information may be resolved and has emphasized the role of
non-market institutions in this context (such as certification intermediaries and
leasing). The present paper, in contrast, is motivated by a more basic issue which

3 |f there is no entry of sellers after the initial period, or equivalently, if buyers can distinguish the
period of entry of sellers in the market, then only the first factor is relevant. In that case, it has been
shown earlier for fairly general distributions of quality (see, Janssen and Roy (2001) tharyn
equilibrium all goods are traded in finite time. Vincent (1990) analyzes a dynamic auction game with
similar features.

4 See, for instance, Guha and Waldman (1997), Hendel and Lizzeri (1999a, b), Lizzeri (1999) and
Waldman (1999).
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also underlies the original Akerlof paper viz., the functioning of the price mech-
anism in a perfectly competitive market when traders have private information.
We first want to understand the nature of market failures due to adverse selection
before analyzing the role of institutions in mitigating these failures.

The paper is organized as follows. Section 2 sets out the model, the equilib-
rium concept and some preliminary results. Section 3 provides a characterization
result. The main result of the paper relating to the existence of an infinite num-
ber of equilibria where all goods are traded within finite time after entry into
the market are outlined in Section 4. Section 5 concludes with a short summary
and a discussion of the use of some specific modeling assumptions. Proofs are
contained in the Appendix.

2 The model

Consider a Walrasian market for a perfectly durable good whose quality, denoted
by 6, varies betweer and 9, where 0< 0 < 6 < co. Time is discrete and is
indexed byt = 1,2,...00. Each time period a set of sellers; enters the market

and| is the set of all sellers, i.el, = U Iy andt; is the period of entry of a

selleri € |. Each seller is endowed Wlth one unit of the durable good of quality
6;. Let the total Lebesgue measure of sellers from thd;seho own a good of
quality less than or equal thbe a functiory ({i [i € Iy,6; < 6}) = . (6), which

is independent of. We assume that (#) is strictly increasing and absolutely
continuous with respect to the Lebesgue measure.

The measure of all sellers who enter the market in each period is strictly
positive, sop (f) > 0. Each sellei knows the quality; of the good he is
endowed with and derives flow utility from ownership of the good until he sells
it. Therefore, the seller’s reservation price is the discounted sum of gross surplus
due to ownership and we assume that it is exactly equél.t@his implies that
per period gross surplus (& — 9) 6;.

Each time period a set of buyers, with measure larger thaf?), enters the
market. All buyers are identical and have unit demand. A buyer’s valuation of
quality 6 is equal tovf, wherev > 1. The buyers’ valuation of the good is also
based on the discounted sum of gross surplus due to ownership>Al under
full information, a buyer’s valuation exceeds the seller’s. All buyers know the
ex ante distribution of quality, but do not know the quality of the good offered
by a particular seller. When a buyer buys a good he leaves the market forever.
All players discount the future with common discount facipd < § < 1. They
are risk neutral and rational agents.

We will denote the expected quality of the good from selleonditional on
the fact that he belongs to a certain subiset | by, (I ’). This value is defined
for all I’ C | such thatu (1’) > 0 and it follows that

n(l") = ﬁ/@idu(ll)

iel’
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In order to have an adverse selection problem we assun@) < 6, where

E (9) is the unconditional expected quality of all goods(6) = n(I;) = n(l).

This assumption implies that the static Akerlof-Wilson version of the model has
a largest equilibrium quality, which we will denote i8¢ € (6, 6):

fs = meax{e\vn ({iliel,belo,6})=6}.

To simplify our analysis we introduce the following regularity assumption.
Throughout this paper, we assume that this assumption holds. Basically, it as-
sures that the distribution of quality is well-behaved for some left-neighborhood
of Os.

Assumption 1. The measure functiop (9) is strictly increasing and absolutely
continuous with respect to the Lebesgue measuréon{,,, 0] for somes,, > 0;

there exist numbers), andM,, such that O< m,, < % < M, for any
6’ and #”. Finally, the measure functiop (¢) is differentiable aty = fs and
W (@s)=f >m, >0.

Assumption 1 basically says that each quality from the rafig#] s represented
in the market and guarantees that the measure function is sufficiently smooth
abovefs and stresses that the measure function is differentiablg.afAs it
will be clear part of the proofs deals with the reciprocal of the measure density
function atfs and Assumption 1 guarantees that it exists.

Given a sequence of market priges {p: },=, each sellei chooses whether
or not to sell and if he chooses to sell, the time period in which to sell. If he
chooses not to sell his gross surplus is equdl tand therefore his net surplus
equals zero, while if he decides to sell in peribd> tj his gross surplus is
Z:& (L—=0)6;67 % +6Np = 6; (1—6'7%) +6'""p and, therefore, his net
surplus equals tg = 6 (1—6'"%) +6"p — 6; = (py — 6;)6'". The set of
time periods in which it is optimal to sell for a selleiis given by

Ti (p) = argmax{s |s > 0} = argmax{(p, — 6;)3' " (o — ;) > 0}

t>t t>t

If pp — 6 <O forallt >t thenT; (p) = 0.

Each potential seller chooses a time period € T; in which to sell. Let
7 ={n};¢ be aset of all selling decisions. We will denote a set of the sellers
who choose time periotifor trade as);, and it follows thath = {i €| |n =t }.

This generates a certain distribution of qualities over all time periods and the
expected quality of the goods offered for sale in time petigy = n (J;) when
#(J) > 0.

In the sections that follow we will use the following additional notation. We
denote byu (x,y) the measure of sellers fromwhose goods are of quality from
the range X,yl: p(x,y) = ({i |i € 1,6 € [x,y] }). It follows that x (x,y) =
() — ) and p(y,x) = —u(X,y). Then,n(x,y) is used for the expected
quality of goods from sellers who belong towhose goods are of quality from
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the range X,yl: n(x,y) =n ({i |i € It,6; € [x,y] }). It follows thatn (x,y) =

(YNt [y 0dp for s — 2, <x <y <0, 5(x,X) = x andn (y,X) =7 (x,Y).
The following lemma assures tha(x, y) is continuous in its arguments.

Lemmal. For all s —¢, < x <y < 0 the function n(x,y) is a strictly
increasing continuous function. Moreover, there exist numbers m,, and M,; such
that 0 < m, < 2&N=1X) < M, for x <.

A dynamic equilibrium is a sequence of prices and buying and selling decisions
such that all players maximize their objectives, expectations are fulfilled and
markets clear in every period. On the equilibrium path, buyers’ expectations of
guality in a period where a strictly positive measure of goods is offered for sale
must equal the expected quality in that time period. As all buyers are identical,
we assume that their expectations of quality in petam@ symmetric and denoted

by E;.

Definition 1. A dynamic equilibriumisdescribed in terms of a sequence of prices
p = {pt};=;, aset of selling decision T = {7 }; ., and a sequence of buyers' quality
expectations E = {E; },; such that:

a) Seller maximize: i € T (p) for all i €1, i.e., seller i choosestime period 1,
to trade optimally.

b) Buyers maximize and market clear: If 11 (J;) > Othen p, = vk, i.e, if there
is a dtrictly positive amount of trade in time period t, then each buyer earns
zero net surplus so that he is indifferent between buying and not buying and
market clears. If u (J;) = Othen p; > vE, i.e., if zero measure of trade occurs
in time period t then each buyer can earn at most zero net surplus and not
buying is optimal for him.

c) Expectations are fulfilled when trade occurs: If u (J;) > O then E; = ;.

d) Expectations are reasonable even if no trade occurs: For all tE; > 6.

Given the set-up described above, conditions (a)—(c) are quite standard. Condition
(d) is introduced for the formal reason that expected quality is not defined when
no trade occurs. The condition says that even in periods in which (at most) zero
measure of sellers intend to sell, buyers should believe that the expected quality
is larger than thea priori lowest possible quality. This condition assures that
autarky, i.e., no trade in any period, cannot be sustained in an equilibrium of the
dynamic model. Given the condition, the willingness to pay, hence, the price in
any period, is restricted from below hy and sellers with low enough qualities
prefer to sell against this price rather than not sell.

3 Characterization of equilibrium

We start the analysis characterizing the properties of any dynamic equilibrium.
In part (a) of Proposition 1 we first argue that if a good of certain quality sells in
periodt, then all goods with lower qualities that have entered the market in and
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before periodwill also sell in that period. This fact allows us to define for each
period a marginal sellef;, which is the seller of the highest quality in period
t, and the marginal surplug, which is his surplus, i.es = p; — 6;. This part

of the Proposition 1 basically follows from the fact that the use value of low
qualities is lower than that of high qualities.

Part (b) then argues that the marginal seller in any period makes non-negative
net surplus, hence, all the other sellers in that period make strictly positive sur-
plus.

Part (c) of Proposition 1 argues that the marginal seller in perimdindif-
ferent between selling in periadand selling in the first future period in which
a quality larger than his own quality is sold. Prices in that period will be higher,
reflecting higher average quality, but the discounted surplus is such that the seller
is indifferent.

The last part (d) of Proposition 1 says that the highest quality that will ever be
sold in a dynamic equilibrium, if it exists, is either equakbtor it is such that the
seller makes zero surplus. It is clear that if a seller makes zero net surplus, prices
in all future periods cannot be higher as then this seller will have an incentive to
wait and sell in that future period. This part also says that if the highest quality
sold in a dynamic equilibrium makes strictly positive surplus, then it must be
equal tod.

Proposition 1. Any dynamic equilibrium has the following properties.

a) For any t 3¢, €[0,0] such that J = {i |6 € [0,6] .t <t}, i.e, in every
period t in which trade occurs the set of qualities traded is a range [0, 6] .

b) s =pt — 6 > 0,i.e, inevery period t the marginal surplus is non-negative.

¢ Letf(t)= rTn>|p {710, > 6;},i.e,T(t)isthefirst period = after t where 6, > 6.

Then py — 6; = 6O~ (pry — 6;).
d) Let f(t) = minargmaxd.,.. Then — Gipy) (0 — 6y = 0.
) Lett(t) =minargm (Pt — i) (0 — ko)

It is easily seen that the infinitely repeated outcome of the static model is a
dynamic equilibrium of our model. Hence, existence of equilibrium is not really

an issue. In the next section, we will show that in the dynamic model there are
infinitely many other equilibria, each one starting from a certain neighborhood
of the largest static equilibrium quality.

4 Equilibria trading all goods

We will now show that for any measure functign(f) which satisfies Assump-
tion 1 and for all generic values of tifethere exist an infinite number of dynamic
equilibria covering all qualities up t@. As we already know that our model has
at least one equilibrium, a general existence proof is trivial. That is why we use
a constructive proof showing how to find an equilibrium sequence of marginal
qualities that is such that all qualities up @aare traded.
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Before we will go into the details of the analysis, we first introduce an
important parameter. Assumption 1 allows us to define a parameteshich
describes the relation between the distribution of quality over the rahde][
and the marginal distribution & itself:

dp (9)
do

1 (v — 1) 6st
A= e (09

Obviously,a is strictly positive. We will provide an economic interpretation of
the parametea and argue that generically, it must be tlsak 1. To this end,
consider the surplus of the marginal seller in the static model as a functi¢n of

(6s) =

0
_ _ _ v
S(H):p(@)—&—vn(&)—@—u(a)/g 6du(6) — 6,

and g—g (fs) = a— 1. Hence,a — 1 can be interpreted as the way in which the

surplus of the marginal seller changes in the neighborhood of the largest static
equilibrium quality. Suppose then that> 1. This would imply thats > 0 in

some right neighborhood dfs that contradicts the assumption thf is the
highest static equilibrium quality. Finallyg is defined in terms of exogenous
parameters and the cage= 1 can be said to be non-generic.

In the uniform case, we hawe(d) = 30 — (1— %) 6 anda = 3v. As in the
uniform case adverse selection implies that b < 2, the uniform distribution
is a special case of the case wher (3,1). In Subsection 4.1 we will start with
this simplest case, which generalizes the analysis in Janssen and Roy (1999). We
show that one can construct a “monotonic” sequence of marginal qualities
that are strictly increasing over time until all goods are sold. The main reason
why the casea € (%7 1) is to be distinguished from other cases can be seen by
looking at the following example. If we choosgg = 65 then in the second period
the measure of qualities abo¥e that are not yet sold is two times as high as
the original measure. 1& € (%,1), the distribution of qualities in the second
period is such that a new “second-period static equilibrium” emerges, which is
larger thanfs. As in the second period we can write for afyy> 0s: s, (62) =
(2a — 1) (02 — 0s) + 0 ((62 — 0s)), it becomes possible to fingy > 61 = s close
enough tods such thats, > 0.

If a < % however, it may not be possible to construct such a “monotonic”
equilibrium and we show this by example. In Subsection 4.2 we show that dy-
namic equilibria nevertheless existaf< & (), whered'(d) is some decreasing
function of §. The kind of equilibrium we obtain has marginal qualitiestrictly
decreasing for some initial time periods after which they strictly increase until all
goods are sold. The general theorem covering all valuesawidd is provided in
Subsection 4.3. As the equilibrium construction here becomes quite complicated,
Subsections 4.1 and 4.2 are also provided for didactical reasons.

The construction of equilibrium uses an “equilibrium sequence” which is
defined below.
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Definition 2. An equilibrium sequence ©1 (U) is a finite sequence of marginal
qualities 6; as functions of 61, the latter being defined over some range U =
(61,61), i.e, O1 (U) = {6; (61)},-,, such that all equilibrium conditions in Defi-
nition 1 holdforallt = 1,..., T —1. Moreover, for all 8; € U thefunctionsé; (6;)
and p; = v = p (61) are continuous for all t = 1,..., T, and 61 (A1) > 6; (1)
foralt=12...,T —1

It easy to see that there exists at least one equilibrium sequence as defined
above, namelP; ((6s — £,,0s)) = {61}, where all the stated above conditions
are trivially satisfied.

The main property of an equilibrium sequence we use is that if there is a
dynamic equilibrium with marginal qualitie®, } 2, such that forr =1,..., T
it can be described by a certain equilibrium sequefiggU ) = {6; (91)}::1, then
there is only one indifference equation, namely

or — 1 = 560 (e, — 1) | (1)

which relates pricep, and marginal qualities, for - =T +1,... 00 to prices
px and marginal qualitiegy for k =1,...,T. Intuitively, 6t summarizes all the
relevant properties of the sequence of marginal qualities up to time p&riod
Our aim, therefore, is to find an equilibrium sequence suché&héd,) = 6 for
someT andd;.

4.1 The case wherea > 1/

In this subsection we prove the existence of an increasing sequy#nge;,
wherefr = 6 whena > % As the uniform distribution is a special case, the
result obtained here shows to what extent the results obtained in Janssen and
Roy (1999) can be generalized to allow for other types of distribution functions.

The following theorem contains a statement of the formal result.

Theorem 1. For any a € (3, 1) and for any generic value of ¢, there exist an
infinite number of dynamic equilibria such that all goods are sold within T periods

after entering the market. The sequence {6 }{-, is monotonically increasing.

The proof consists of three steps. In Proposition 2 we prove that it is possible to
construct an equilibrium sequence of an arbitrary length where marginal qualities
{6} are strictly increasing and very close to the static equilibrium quality
Under these circumstances the main indifference equation (1) takes the following
form:

Pt — 0t =6 (P+1 — Or) . 2

In other words, the marginal seller in peribds just indifferent between selling

in that period and in the next period. We will denote such monotonic equilibrium
sequences a@* (U) and call a dynamic equilibrium, which is based on them, a
“dynamic equilibrium of type I".
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Proposition 2. Ifa € (1, 1), then there exist an infinite number of ©* (U ). More-
over, 3T such that for all t > To UL = (A2 (t),6s) and 36; (UL) such that:

a) forall 7=1,...,t 6,(0,) isdifferentiable at 6, = 6s and 0.- (6s) = Os;

b) for all 61 € U2 0 < 6; (A1) — Os < e+ 15 (61), where e, = 5225

Proposition 2 implies that & € (%, 1), we can construct an equilibrium sequence
of an arbitrarily long length such that in period + 1 there will be more sellers
with high quality ¢ > 6s) goods than the number of sellers with low quality
(6i < 0s). This allows us to expand the equilibrium sequesgdor some more
periods.

Next, in Proposition 3, we prove that when we are able to construct an
equilibrium sequence of an arbitrary length where all marginal qualities belong
to a certain neighborhood @k, then we can expand it in such a way that the
surplus of the last marginal quali} could be made any value between 0 and
(v — 1) 6;. More precisely, given any equilibrium sequer@ewith 0 < 6; (61) —
fs < 57%3[ (A1) we can construct another sequert#g wheret’ > t, such that
6 C ©] andp; (61) covers the whole interveb; (91) , vb; (f1)). The conditions
under which the Proposition 3 holds are the same as the conclusion reached in
Proposition 2. These conclusions are replicated here, as in later subsections we
will also make use of it.

Proposition 3. If there exist ¢, > 0 and To such that for all t > To JuUP =
(69(t),0s) and 36; (UL) suchthat for all 61 € UL6; (61)—bs < e, 35 (61), then
for anyes > Oandey > 0 3Ts such that for all t > Ts 3U° = (67 (t) ,0s) € U
and 36; (U®) such that:

a) for any ; € US |6, (61) — 0s| < eo;
b) s (fs)=0ands (63) > (v —1)6; (67) — es.

Proposition 3 tells us that if we could trade goods for many time periods and,
therefore, accumulate “high quality sellers”, then we can organize trade in such
a way that in the last time period of the equilibrium sequence “almost” all sellers
who prefer to sell in that period will have goods of quality very closé4o

Finally, in Proposition 4 we prove that if we are able to trade goods along
an equilibrium path from a certain range of qualities such that the price in the
last period of the equilibrium sequence can be made any value between the
marginal quality and buyer's valuations of the marginal quality, then we can
expand that equilibrium sequence in such a way that wider range of qualities
could be traded with the same properties. Doing so, after a finite number of
iterations we generically can construct an equilibrium sequence whered,
i.e., all goods are traded by peridd

Proposition 4. If 30%) €[ds,d) such that for any es > 0 and g > 0 3T
such that for all t > T& 30% = (6, (t,k), 01 (t,k))® and 36, (u}k)) such

5 Here we don't make a distinction betwegp < 61 andg; > 6;. All we need isUX to be a
nonempty open set whilé, andf, are its boundary points.
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that |6; — 60| < o, for all 6, € UM, 0 < s (0) < es and s (1) >
(v — 1) 6; (A1) — es, then either

a) for any zs > 0 and 5 > 0 30D € (v4®), 9] and ITE™ such that for all
t > TED 308D = [0, (t,k+1), 01 (t,k + 1)] < U and J6, (ut‘k”))
such that |6; (61) — 6%*9| < =g for all 6, € UK, 0 < 5 (6;) < =5 and
S @1) > (v—1) 6 (51) —€g; Or B B

b) Jes > O such that for any T 3t > T, 361 (f) and 36; (1) such that
0; (01) =0 and 5 (A1) > =s.

Proposition 4 basically says that if we have constructed an equilibrium sequence
for a sufficiently large number of periods, then we can either make sure that after
some more time periods the next marginal quality can be chosen relatively far
from the present marginal quality and such that all desirable properties are kept
(case (a)), or we can reaéh(case (b)). The last three propositions taken together
give us a large part of the proof of Theorem 1.

4.2 The case of small a and &

In this section, we construct an equilibrium sequence for the case alagwl §

are small. We first provide an example showing why the analysis of the previous
subsection does not continue to be valid. The example shows that avhed

6 are small, there does not existla > 6, such thats, > 0 and such tha#, is
indifferent between selling in period 1 and selling in period 2. The basic intuition
exploited in the example is that whenis small, there are not enough sellers
above the static equilibrium quality in period 2 to support high enough prices
that allow these sellers to get positive surplus.

Example 1. Let us takev = 1.2, § = 0.1, § = 10,0 = 13 and a measure function
1 (#) such thaty (10) = 0, ¢/ (0) = 101 for9 < 6 < 10.1 andy/ (0) = 1 for
10,1 < 6 < 6. The static equilibrium quality for this case is unique and equals
to s = /1515 ~ 12.31.

In any dynamic equilibrium we must havk €[0, 0s] (otherwise we would
have hads; < 0). Figure 1 shows the graph of functio® = 6, (X1) and
S2 =5, (X1) whereX1 =0;.

We will now prove that ifa is relatively small, particularly ifa < (1 — 6)?,

then we are still able to construct infinitely many dynamic equilibria such that
all goods from the rangef[f] are traded. The equilibrium sequence is non-
monotonic. Note that the parameter configuration analyzed here partially overlaps
with the parameter configuration analyzed in the previous subsection. The result
is formally stated in Theorem 2 below.

Theorem 2. For any a < (1 — 6)? and for any generic value of 8 there exist an
infinite number of dynamic equilibria such that all goods are sold in finite time
after entering the market.
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Figure 1. It is easy to see (and formally proof) that for any valugpfwe getd, (61) aboveds and
the surplus in the second period is negative

In order to prove this theorem we only need to show that wlen (1 — 6)? it
is also possible to construct an equilibrium sequence of an arbitrary large length
twhere marginal qualitie$f; } are very close to the static equilibrium qualéty.
We will construct a sequence that is strictly decreasing for some time< 6.,
and only the last marginal qualit} exceeds all previous ones. We denote such
a sequence as “equilibrium sequence of type II” and wéitgU ).

In this case our indifference equation (1) becomes the following system:

pr—0-=0"""(p—6,),7=1,....T. ®)

Proposition 5. If a < (1 — 6)?, then there exist an infinite number of ©2(U).
Moreover, for Ve, > 0 3To such that for all t > To UL = (69(t),6s) and
3oz (UL) such that:

a) foral r=1...,t6,(0,) isdifferentiable at 6, = s and 0. (6s) = Os;
b) for all 6, € U 0 < 6; (61) — s < e, 35 (61).

Note that the conclusions reached in Proposition 5 are identical to the conclu-
sions reached in Proposition 2 so that we can make use of Proposition 3 and
Proposition 4 to get the proof of Theorem 2.

4.3 The general case

Finally, we prove that for any value af, we are able to construct infinitely
many dynamic equilibria such that all goods #{] are traded. The structure of
the corresponding equilibrium sequences becomes a mixture of the equilibrium

sequences of type | and 1.

Theorem 3. For any generic value of 0, there exist an infinite number of dynamic
equilibria such that all goods are sold in finite time after entering the market.

Again, like in Subsection 4.2, the only thing we need to prove is that it is possible
to construct an equilibrium sequence of an arbitrary large length where marginal
qualities{6; } are very close tds. This is the content of Proposition 6.
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Proposition 6. There exist an infinite number of © (U). Moreover, for Ve, >
0 3Tp and 3ky > 1 such that for all t > To U ,; = (69 (tkn + 1), 0s) and
JOu,+1 (Ugp +1) Such that:

a) forall 7=1,...,tknh + 16, (8,) isdifferentiable at 8, = s and 6. (fs) = Os;
b) for all 61 € U 1 0 < bye,+1(61) — bs < £ 5 Siyea (61)-

The main difference with the related Proposition 2 and Proposition 5 is that here
the equilibrium sequence constructed arodgds partly composed of increasing
subsequences and partly composed of decreasing subsequences. Therefore, we
need two indicest(andky) to keep track of the whole equilibrium sequence.

Note that the conclusions reached in Proposition 6 are again identical to the
conclusions reached in Proposition 2 so that we can make use of Proposition 3
and Proposition 4 to get the proof of Theorem 3.

5 Discussion and conclusion

In this paper we have provided a different perspective on the way the adverse
selection problem manifests itself in durable good markets, where entry takes
place in the same market. In the static Akerlof-Wilson model, adverse selection
results in high quality goods not being able to trade despite the potential gains
from trade. The infinite repetition of this static equilibrium is also an equilibrium

in the dynamic model where a durable good is traded in a competitive market.
Our main result in this paper is that there are infinitely many other equilibria
where all goods are sold within finite time after entering the market. In each of
these dynamic equilibria, the marginal quality that is sold in the first period lies
in a small neighborhood of the static equilibrium. This result holds true for all
generic values of the parameters governing the behavior of buyers and sellers
and the distribution of qualities in the population of sellers.

There are a few general principles that are important to obtain most of the
result, namely that owners of a durable good enjoy the use and exchange value
of the good, that the use value is increasing in the quality of the good and
that owners, but not buyers, know the quality. The generality of these principles
suggests that the results we obtain must hold in settings where some of the
specific assumptions employed in the model are not satisfied. We discuss some
of these assumptions below. The assumption about more buyers than sellers is
used only to get a simple characterization of market prices and the resulting
buyers’ behavior. It assures that buyers are indifferent between buying in any
period and not buying at all so that we are able to concentrate on the issue
whether time can separate out sellers to sell in different periods. As buyers’
surplus is zero in any period, the discount factor is also of no importance and
we may allow buyers and sellers to have different discount factors.

In an accompanying paper, Janssen and Karamychev (2000) we study a con-
tinuous time version of the present model. As some of the technical complications
do not arise when markets operate in continuous time, we are also able to relax
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the assumption about the buyers’ risk neutrality and homogeneity, and perfect
durability of the goods. When buyers are risk averse, have different valuations
for a certain quality and the good is almost perfectly durable, a similar type of

market dynamics occurs as we discovered in the present paper.

The assumption about a constant distribution of qualities entering the market
over time is used for the technical reason that the equilibrium construction we
employ has the market operating in a neighborhood of the static equilibrium for
quite a few periods. In this way, the market is able to build up enough “stock” of
high quality goods to eventually trade all goods. As the initial changes in market
prices and marginal qualities are very small, introducing small changes in the
distribution from period to period would complicate the analysis considerably.

Finally, the assumption that buyers leave the market after buying the good is
used for the following reason. If buyers can re-sell the good they bought in the
same market, future supply would come from different sources: low valuation
sellers with high quality goods who have never bought in this market before and
high valuation sellers with low quality goods that have previously bought the
good in the same market. This would ask for an analysis where the interaction
between different (primary and secondary) markets is studied. Stationary equi-
libria of such a model are analyzed in Hendel and Lizzeri (1999). Analyzing
dynamic non-stationary equilibria is an interesting topic for further research.

Appendix

In the appendix we will use the following additional notation.

a-) Yr = 97’ _07717 Zr =Yr—Yr—1, Y= %Sr andSOt—l = 01,1 (U - 1) —Mt—1,

(A1)
b) F, = “010) gngk, = M0rrfe) il stes), (A.2)
¢) 9(0) = =28 for g # 65, g (6s) = lim g(6) = 1-aandg= max_|g(O)];
0—0s 96[95,0]
(A.3)
d) 0, = %= (0s), & = £ (0s), ¥ = ¥ (0s), z = % (6s) andp, =
iz (0s).

Proof of Proposition 1. We prove all statements of the proposition sequentially.

a) Let us take any periotl of positive amount of tradé;, so thatu (J;) > 0,
and take any € J;. By Definition 1 we can write:

t € argmax{(p, — 6;) " " |(p — 6;) > 0} .

T2t

This implies(p; — 6;) 0% > (p, — 6;) 67" forall 7 >t > t;. Now we take
anyf < 6;:
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(=03 — (P, =)0 > (0 —0) (1-6"") 8 >0

Hence, for all sellers with a good of quality less thgnwho are still in the
market in a certain period and have not yet traded it is optimal to trade in
that period. Thus, we can defifleas6; = sup{6; |i € J; } and then it is easy

i

to see that) = {i |6; € [0, 6] ,t <t}. Finally, if u(J;) = 0 for somet, then
we setf; = 6.

b) By Definition 1,E; > 6 andp; > vE; for all t so thatp; > v6. Thus, if
() =0 thenp, > v0 > 6 = 6;. If () > 0, it is optimal for the marginal
seller 6; to trade in period and a necessary condition jis — 6; > 0. So,
p; > 6; for all t.

C) Supposex — 6; — 51 (pr — 6:) = o > 0. Then, there exists a sellerof
quality 6; = 6, +%o such that; < 6; < 6y andt; <t, i.e., he is in the market
by periodt. By definition of {6;}, he will trade in period. But this is not

optimal as
F_t 1 _t 1
sE=t) <pf _ <9t + 20>) _ =) <pt — (gt + 2(,))
— st—t [ _ 1 _ s(-1)
=4 ( o+ >0 (1 1) ) < 0.

So, it is not possible thay, — g, > §EO-1) (Pey — 64). A similar argument
shows that it is not possible to hape— 6, < 5(®©-t) (Pry — 6;) either.

d) Supposd — ; = o > 0. We will show that in this casp; — 6; = 0. Suppose
not, then it must bgx — 6; = ¢ > 0. Let us take a seller of quality
6 = 6t + min{e, o}, so thatf; < 6; < 0, andt; = f. By definition of {6},
he will never trade becaugk < rtn>afx{9t} =0; <0 forallt >1t. If he had,

however, traded in periotlhe would have gop; — 6 = ¢ — %min{e, o} >
12> 0. Hencepyyy — b = 0. i

Proof of Proposition 2. Using the fact that, > 6._; we express the expected
quality sold in periodr in terms of . (6,—1,6,) andn (6-_1,6,):

T (97717 9‘r) 2 (97717 97’) T (Q7 9771) 2 (Qa 97’71>
TH (97—17 97’) +u (Qv 07’—1)
T2=21 6h=06.

nr (07-1,0-) = .(A.4)

Now we consider the indifference condition (2) with = v7.. It can be written

as
1-9§
N (07'—17 97’) —Nr-1 (97'—27 07’—1) = Wsr—l- (AS)

The main part of the proof is by induction. In the full version of the paper we
first prove that if all the conditions to be proved, excépt> s, are true for
somet > 2, i.e., if U2, = (69(t —1),6s) and 3{6,}' -1 such that for all

0, € Ut0711
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a) 6, ands, are differentiable at, = s and6, > 0,_1, s, > 0; 0 (0s) = Os,
s; (0s) = 0;
b) pr — 0, =6 (pr+1—0,) forall r=1,...;t —2 ands, <0,y, <0,z <0;

) s —fB5_1<O0forallr=1,...,t -2, whereg = 2=

then 3UL° c U2 ; such that (A.5) determingk on ¢; € UL and those conditions
are also true fot + 1:

a) 6; and s are differentiable ab; = s and6; > 6;_1, & > 0, 6; (6s) = Os,
s (0s) = 0;
b) po1—6i1=0 (o — 6_1) ands <0,y <0,% <O;

€) & — B%-1 < 0, where3 = 2509 ‘andg, — 05 < e, 15, wheree, = 2.

Next, we show that there exi8f andf, such that those conditions are satisfied.
Finally, we show that for som& we getfr, (61) > 0s and, thereforef; (61) > 0s
forallt > To and allf; € U2 C UQ. O
Proof of Proposition 3. The indifference equation (2) can be rewritten as
on (6i-1,6;) = 3s—1 + 6i_1. Functionn; (6;_1,6;) strictly increases w.r.t;,
hence, there exists an inverse function which determipnes a function of;_,
and $s_1, 6; = 6; (6;—1, 35—1). This function is defined for alb; as long as
o (6i-1(01),0) > $5-1(61) + 6;_1 (61). Using (A.4) we can write:

U”I (0c—1,00) g (-1, 0¢) + 1 (0, 0c—1) 1 (6, 6 —1)
tp (6c-1,6;) +p (6,6i-1)

= Y1+ 01,

and

B0 (g (o) (009 =0, A8)

whereF, K; andg were defined in (A.2) and (A.3). B
Now let us take anys > 0, g5 > 0 such thaty < min{e,, 3 (6 —6s)},
1-96 H €
e > 0 such thate < Wmln{l, 2(U€j1)§,£}, g1 > 0 such thate; <
s min{es, (v — 1)6s} and T such that

T>(1+g€7)u(o,a)max{ 1 &M, (w—1)8 4(99))2}‘

Uytth +Yior-1 —

m, beeq’ e? ‘m, (@ - b5

By the assumption of the Proposition 3, for tifathere existu? = (69(T), 0s)
andOr (U?). Now we take a subséi = (é? (M), 95) C U2 such that for all

0, € 01(—) 0, — Os + %Srl (6‘1) < %69, Or — 0s < ey, ©oT (91) > &1 (It is always
possible aspr (0s) = (v — 1) 0s > 1) andT:rl??x GsequosT (61) < %"Mﬂ
T 6,00
Now we will prove that ifp;_1 > &1 for all 6; € UTO and some > T +1
then there exist functiong and s such thaty; = 6; — 6;_; is determined by
(A.6) ands > s_1 (3 —¢) > 0. First, we prove the existence 6f showing
thatvn, (6;-1,0) > $s5-1+ 61
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UTH (et—lag) -
1 tn (6-1,0) p (6-1,0) +1 (6,6 _1) p (6,61 1)
=S_1+6i_1 > — 6 _
55[ 1o U( tp (0—1,0) + 0 (0, 6i—1) o

tmnmu(f) 0-1)" — (0-9) 11 (6.9)

tp (6i—1,0) + (6, 6i-1)

;2 @-0red _,

+1(0,6i-1)

3Tm,m, (6 — 6

s
> v =
tu (Ht 1,0

Thus, there exist; (¢1) and s (f1) such thaty; = 6; — 6;_1 is determined by
(A.6). Using the fact that fot = T + 1y;_1 (A1) > €1 we solve (A.6) for the
positive rooty;:

Pr— 4UKt,LL Qa 01—1
Z;Kt (_1 * \/1 * tl:tfﬁtz_l) (’thl +g (9&1) (9t71 — 95))

Yt =

(A.7)
Then, applying for (A.7) the well-known inequality1 +x < 1 + %x, x > 0,
yields

H (Qv et—l)
< ———L (1t g (0_1) (1 — 0
Wt tFep 1 ('Yt 1 9( t 1) ( t—1 s))
(0,6 _
< Tr(nH»sl) (1 +95v) M-1 < 61,

and, therefores; = 351 — Vi > 351 —eS—1=5-1(5 —¢€).

Now we will prove that 3Ts > T, 3US = (6 (Ts),0s) c UL and 367,
such thats > (3 —¢)s_1andg_1 > e forallt =T+1,...,Ts — 1 and
61 € US, andpr,_1 (7) = e1. Suppose not, thep;_; > e forall t > T +1
and#, € 0{-’. But in this case we have an induction: foralp T+1 36; > 6;_1
and Jds > (% — 5) -1 > 0. Let us fix anyd; € OTO and consider the sequences
{6 }27 .1 and{s };=;,;. The former is increasing and bounded, hengdim 6, =

-5
5 > 1. But

- The later is also increasing and _lig = +oo asi-e> -
—00
taking a Iimitt lim ¢y = —oco contradictspy 1 > &3.
—00

Now we will prove by induction that for alt > Ts JUS = (63 (t),60s) C
US , and 36; D 6_1 suchthatp_y (65 (t)) = e ands; (61) > (5 —¢) S—1(61)
for all 6, € US. Suppose that for some > Ts U = (67 (t),0s) C U7
and 36; such thaty, 1 (61) > 1 ands, (61) > (3 —¢)s,_1(f1) > O for
all 7 =T+1...,t—1andf, € U, and 1 (67 (t)) = e1. It implies
that (v — 1) 6; (07 (t)) — s (62 (1)) = w1 + oy < 3es +ved (v —1) b1 <
3es + 365 = s, hences (6) > (v —1)6; (6F) — es. Then, summing up the
indifference Equation (2) in a form (6, — 6,_1) = s,_; — ds; from 7 = 2 to
T=twegeti(Gi —01)=(1—s)+(@Q—9) Z:_:ZST, that leads td@; — 05 < .
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Finally, as¢y (67) < e1, ¢t (6s) = (v — 1) fs > e1 and ¢y (61) is continuous
then 367 (t + 1) € U = (67 (t),6s) such thatp; (67 (t + 1)) = &1, that ends the
induction.

Butif ¢ (63 (t +1)) =1 thensey (67 (t + 1)) > (v — 1) 641 (07 (t + 1)) —es
as was shown above, anélJ 3, = (67 (t +1),0s) C U such thath.; —0s < &y
for all 6, € Ug3,. O

Proof of Proposition 4. So far we were considering; as a function offy,
0. = 6, (7). Now we will considerf; as a function oft;_; and v;_1, 6; =
0; (6t—1,7—1). We define the following limit function:

01 (90, %0) = lim_6- (9,50 - (A8)
Then, in the same spirit as before, we introduce functjqns@l—éo, & =0V,
A = %él andgp = (v — 1) g — Jo. Taking the limit (A.8) explicitly yields that it
exists for alldy €[0s,0—<) and~p € (6, N (éo,ﬁ) — 00— 5), wheres > 0 is an
arbitrarily small number. Convergence is uniform, he&pééo, %) is continuous
and it follows thatd; = dp and 71 = %3, whene < 50 < (v —1)fo, and
o (9})7 o, (éo, %)) = flo+ 40 when (v — 1) o < 30 < w1 (éo,é) —fo—c. Then
we defined; for 30 = 0, 55 = vn (5075) — 0o anddy = 6 by taking corresponding
limits of the functiond; (éo,%) whene — +0, that yieldsé, (50,0) = by,
b1 (9o, n (80,0) — o) =8 anddy (9, 50) = 7.

Finally we defineétﬂ (50,%) for all t > 1 as follows. If for some

fo €[6s,0], %0 €[0,%520o] and for all 7 = 0,...,t there exist functions
0, (éo,%) and-, (éo,%) such that 0< 3, < vp (éﬂé) —0, andd, (éo,%) <
0, then we takef. (éo,%) = 0, (ét,&t) It can be easily seen that if
0<% < oup (QTﬁ) — 0, and 4, (éo,%) < 0 then .1 (éo,%) has the
following limit representation:

ét+1 <§07 '3/0) = Tli_>moo 97—+t+1 (97+t ( . (éOa 3/0)) s YT+t ( . (éOa ’?O))) .

The main use of that trick is to substitute complex functieng...) by
their limit analogs for very large when the measure of “low quality goods”
becomes negligible compare to the measure of “high quality goods”. Limit func-

tions ét (éo,%) would have been exactly the sameéag. . .) if there had been
no entry of new sellers.

Now let us fix 6 = ¢ and take anyyg € (0, %26%). If for somer > 0
we have obtained the functiorfs (éo,%) =0, (50) and (90,%) =3, (Fo),

and at the same time & 4, < vy (@ﬁ) — #, then there exists the next
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function 4.1 (30) = 01 (9T (30) , (%)) such thad..1 (30) [0, 8] for all 4o €

(0,520,

We will show that 3t > 0 and 39 € (0, 2526%) such that either;(5) = 0,

or 3; (3) > vn (éf &) ,?) — 6 (5). Suppose not, that means that for any 0

and+p € (0, 251®) 30; (50) and 3% (50) such that 0< 5; < vn (@ﬁ) — b

and 0 < é(t)og 6. Let us fix anyy” € (0,%20%) and get infinite se-

quences{ét} . and {4 },5- The former is weakly increasing and bounded,
t:/\ ~
hence, Eltlim 0y = 0. But this implies that the later has a limit either:
—00

lim % = lim (m] (ét,ém) —ét) = (v—1)f. > 0. Taking a limit of the

t—oo t—oo

indifference equationWii+; = 4 — (9t+1—9t) gives rise to a contradiction:

lim 6401 = lim 4.

t—oo t—oo o
Hence, only two possibilities are left:

a) Case 1. 3t and 39 € (0, %526%)) such thatyy > 0, vn (ét_l,ﬁ) > 04+
A forallt=1,...,f — 1 and+ € (0,3), 5% > 0 anduvy (e}_l(f”y) ,9) <
Oi1(3) + 41 (3); and

b) Case 2. 3t and 37 € (0, %526%) such thaty{ > 0 andvn (Ht_lﬁ) >
6i_1+%_q forallt =1,...t and+, € (0,%), and~; (3) = 0.

It can be shown that in Case 3zg > 0 such that for anyr 3t > T, Elél (f) €

(6s — e,,0s) and 36 (61) such thatbr (61) = 6 and s (/1) > &s. In other

words in this case there exist infinite number equilibrium sequences such that all

goods are traded in the last period. In Case 2 we defifié) asg&*D = ¢; (7).

It is easily seen that®*) < (v®), ] and then either we have the same result
as in Case 1, or for angs > 0 andzg > 0 3T > T such that for

all t > T8 3uD = (g, (t,k +1),8, (t,k+1)) ¢ UY and 36 (ut("”))

such that|g; (61) — 6%V| < z5 for all 6, € U™, 0 < 5 (8;) < & and

S (91) > (’U — 1) 0 (91) —€s. O

Proof of Theorem 1. Consequently applying Proposition 2 and Proposition 3 we

conclude that for anys > 0 andey > 0 3Ts such that for alt > Ts JUS =

(63 (t),6s) and 36; (U?®) such that for any; € US 6; (61) € (s, bs +e¢) and

s (07) > (v — 1) 6; (67) —es. Now we are under the conditions of Proposition 4

if we take /M = s < #. Here we distinguish three cases.

a) Case 1. Forani=1,...cc there existd**D € (060, §) such that for any
s > 0 andzg > 0 3T&* such that for all

t>TED Uk = [0, (t,k +1),6: (t, k +1)] < U®

and 36, (Ut(k”)) such that:
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— 16¢ (81) — 6%*Y| < =5 for all 6, € UMY,
- 0< 5 (0;(t,k+1) <ezsands (61 (t,k+1)) > (v—1)6; (61 (t,k +1))
~ &

But in this case we get infinite sequenb@(k)}k _,» whered®*D > 4,6, that
contradicts#®) < 6. Hence, after some stefiswe must meet either Case 2
or 3.

b) Case 2. There existk) such that there does not ex#t*d € (v6%,8]. In
accordance with Proposition 4, we can make a conclusia®g: > 0 such that
for anyT 3t > T, 36 (f) and 36 (61) such that; (6;) =8 ands; (61) >
gs. In other words, there are infinite number of equilibrium sequences such
that all goods are sold in the last period and the last marginal surplus is strictly
positive and separated from zer:q),(él) > g5 > 0. In this case we can
construct infinite number of dynamic equilibria by concatenating equilibrium
sequences, e.g. we taky = {9r}t7:1 and let a dynamic equilibrium be the
following sequence of marginal selIer@T}il such thatd, = 6, for = <t
andf, = 6,_, for 7 > t.

c) Case 3. There exist$®) such that there exist§**? = 9. Note here that*9
is determined in terms of the previous poﬁ{'f), the measure functiop (6)
and parameter§, v and 6. In other words, 0« = 2 (6%, 1. (6),0,v,6).
Therefore the case**V = § is non-generic. a

Proof of Proposition 5. We begin with the system (3) that can be written as
follows:

P, — 0 (L—4'"7) :5771_1(p1— (1-6"161), 7=1...,t—1, (A9)

and look for a sequence of functiord9. (91)}t7:1 satisfying (A.9) such that
041 < 6, forall = .,t—2. In this case we have, (6,) = W f:f 6dpu,

and p, = a. Substltutmg this into the first differential of (A.9) we gé;
e 117273):4- It follows that if a < 1 — & thend, > 1. Thus, there exists a
neighborhoodu? ; = (69(t — 1),6s) such thatf,.; < 6, < s ands; > 0
for all 9, € Uto_l. Therefore, there exists a sequerde (01)};1 such that all
conditions to be proved are satisfied except the last one and we only have to show
that if a € (0,&(0)) then there exists; (1) andUL = (62(t),6s) € UL ;such
that 0< 6; (61) — 0s < E,Y%St (61) for all 6, € Uto.

Given the structure off., (91)}2:l we can write:

Modu — 9 " 0du
tu(Q, 0 (01) — S 1 (0, 6,)

Pt (01) = Pt (01 (01),02(01),...,0: (A1) =

— =1 T . . .
and, consequentlydsp; = at dsf; — dsf1 1‘3;‘? ‘a 21 1. Substituting this

into the first differential of (3) yield®, = 1=3=2" (a St 1). This

atst—1 =1 1—a—47
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implies that there exists a neighborho@ = (60 (1), 93) € U2, such that

0, > Os for all 9, € Ut as long asz — a =5 < 1. Note here thaE = a a5 <

1+(1a;175)55) Hence, ifa < (1 — 6)? thenaz 2 < 1. Then we check

whethers; > 0:

dss = dsp; — dsf;
1—a-—¢61 1 t-1 57
=T (1a_t<1azr=1l—a—57>) dsf.

Hence,s < 0 whent > % So, there existé?o such that for allt > T:0 EIU:t0 =
(ag (t),95> c U0 and 3672 (UTO) such thaté, (1) > 6s, s (61) > O for all

61 € UQ. 0, (8s) = fs ands; (fs) = O for all 7 = 1,...,t by construction.
Finally, let us consider the following ratio:

SO _ 80 b9 vo( s _A+0 (- 69)

— 1.
6 (61) — Os 9t(91*98)+0(91*‘98) 1- azrll aTéf

Hence, lim lim 3@)_ = |im —_—2a 1 = 450, This implies
t—o00 0; 050 A1 (01)=bs I - azT L = P

that for anys, > 0 3T, > To such that for allt > T, Ul = (63 (t),60s) and
362 (UP) such that 0< 6; (61) — bs < £35S (61). O

Proof of Proposition 6. Suppose we have obtained an equilibrium sequence
Ok (UQ), whereU? = (6 (k1) ,0s) such thatf, ands, are differentiable afs
forall 7=1,...,k, $ <0, ékl > 0, andf; (01) < b, (1) < Os for all 61 Ukol.
There exists at least one of such a sequence, naffiely wherek; = 1

Now we will construct a new equilibrium sequen@e (6, ) in the following
way. We will repeat the whole structure 6, t times. In other words, for alt =
1,...,t—landforall =1,... ki—1we putG(T,l)leﬂ < 9(771)k1+l if 0141 < 6,
and vice versa. And we do that such tifa, < 60—, for all 7 =2,...,t
Having done this we can see that each of the subsequ@ﬁc}éi{fl_l)klﬂ for all
7=1,...,tis an equilibrium sequena®,,. Now we have to findy,+1 such that
forall 7=1,...,t 6™ (pr, — Ork,) = 6™ (Pyy+1 — O, ), in other words, the
seller of qualityd., is indifferent between selling in time periad; andtk; + 1.
Loosely speaking, we try to construct a sort of equilibrium sequence of type I
using @y, instead off.. as a single component. In the full version of the paper
we show how this can be done and why the result follows. O
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