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Abstract

We study auctions with financial externalities, i.e., auctions in which losers care
about how much the winner pays. In the first-price auction, larger financial exter-
nalities result in a lower expected price; in the second-price auction, the effect is
ambiguous. Although the expected price in the second-price auction may increase if
financial externalities increase, the seller is not able to gain more revenue by guar-
anteeing the losers a fraction of the auction revenue. With a reserve price, we find
that both auctions may have pooling at the reserve price. This finding suggests that
identical bids need not be a signal of collusion, in contrast to what is sometimes
argued in anti-trust cases.
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1 Introduction

In this paper, we study sealed-bid auctions with financial externalities. Financial ex-
ternalities arise when losers benefit directly or indirectly from a high price paid by the
winner(s). In auction theory, it is generally assumed that losers are indifferent about how
much the winner(s) pay(s). However, in real life auctions, this assumption might be false.
In reality, an auction is not an isolated game, as winners and losers also interact after
the auction. Paying a high price in the auction could make a winner a weaker competitor
later.

The series of UMTS auctions! that took place in Europe offers a concrete example
of auctions in which losers benefit indirectly from a high price paid by the winners. In
this context, there are at least three ways that firms that do not acquire a license may
benefit from a winning firm that pays a high price. First, the share values of winning
firms may drop, which makes the winner vulnerable to a hostile take-over by competing
firms. For instance, the drop in share value of the Dutch telecom company KPN of about
95% is partly explained by the huge sum of money the company spent to acquire British,
Dutch and German UMTS licences.?® Second, if firms are budget constrained, a high
payment in the first auction may give competing firms an advantage in later auctions.
Third, high payments may force the winning firms to cut their budget for investment,
which may be favorable for the losers’ position in the telecommunications market, as
the losing firms are not only competitors of the winning firms in the auction, but in the
telecommunications market as well. Indeed, Borgers and Dustmann (forthcoming) argue
that financial externalities may partly explain seemingly irrational bidding in the British
UMTS auction.

Financial externalities occur directly when losing bidders receive money from the win-
ner(s). For instance, this may happen in the case of bidding rings, in which a member of

the ring receives money when she does not win the object. Also, partnerships are dissolved

!These are spectrum auctions. UMTS stands for Universal Mobile Telecommunication Services: a
third generation mobile telecommunication standard.

2In the UK, KPN bought part of the TIW license after the auction. In Germany, KPN has a majority
share in E-Plus.

3The other part of the drop is probably explained by changed sentiment in the market.



using an auction in which losing partners obtain part of the winner’s bid. In takeover
contests, losing bidders who have shares in the target firm receive payoffs proportional
to the sales price. Furthermore, the owner of a large estate may specify in his last will
that after his death, the estate should be sold to one of the heirs in an auction, where
the auction revenue is divided among the losers. Finally, in the ‘Amsterdam auction’, the
loser receives a premium proportional to the difference between her bid and the minimum
price (Goeree and Offerman, 2004).

In Section 2, we present a model of bidding in sealed-bid auctions with financial
externalities. Either the first-price sealed-bid auction (FPSB) or the second-price sealed-
bid auction (SPSB) is used to sell an indivisible object. We assume an independent private
signals model, with private values and common value models as special cases. Financial
externalities are exogenously given and modelled by a parameter ¢ that is inserted in
the bidders’ utility functions. This is the simplest extension of the independent private
signals model which incorporates financial externalities. Despite its admitted simplicity,
this model appears to be sufficiently rich to generate interesting insights.

In Section 3, we derive results for FPSB and SPSB without reserve price. We find a
unique symmetric and efficient bid equilibrium for each of the two auction types. Equilib-
rium bids in FPSB decrease when ¢ increases. An intuition for this result is that larger
financial externalities make losing more attractive for the bidders so that they submit
lower bids. The effect of financial externalities on the equilibrium bids in SPSB is am-
biguous. A possible explanation is that in SPSB, a bidder is not only inclined to bid less
the higher ¢ is (as she gets positive utility from losing), she also has an incentive to bid
higher, because, given that she loses, she is able to influence directly the level of payments
made by the winner. Moreover, we construct an example in which the seller’s revenue
increases when ¢ increases. This finding suggests that the seller may gain more revenue
by guaranteeing the losers a fraction of the auction revenue. This, however, turns out not
to be the case: under no circumstances does revenue sharing increase revenue. Finally,
we give a revenue comparison between FPSB and SPSB. We find that SPSB results in
a higher expected revenue than FPSB unless a bidder’s interest in her own payments is

equal to the sum of the other bidders’ interest in what she pays. In that case, FPSB and



SPSB are revenue equivalent.

In Section 4, we characterize equilibrium bid strategies for the case that a reserve
price is imposed in FPSB and SPSB. For simplicity, we assume a model with independent
private values. In this section, we introduce the concept of a weakly separating Bayesian
Nash equilibrium, which is an equilibrium in which all types below a threshold type abstain
from bidding, and all types above this type submit a bid according to a strictly increasing
bid function. We find that FPSB has no weakly separating Bayesian Nash equilibrium.
However, we derive an equilibrium in which bidders with low signals abstain from bidding,
bidders with intermediate signals pool at the reserve price, and bidders with high signals
submit a bid according to a strictly increasing bid function. SPSB has a weakly separating
Bayesian Nash equilibrium if, and only if, the reserve price is sufficiently low (or so high
that no bidder submits a bid). Otherwise, the equilibrium involves pooling at the reserve
price.

These findings may shed new light on observations of identical bids in auctions. The-
oretical work suggests that several bidders submitting a bid equal to the reserve price is a
signal of collusive behavior (McAfee and McMillan, 1992). In public policy, there is also
general acceptance of the view that identical bids suggest the presence of an agreement.
Comanor and Schankerman (1976) report that competition authorities in the US required
auctioneers to report instances of identical bids. In judicial judgement, this view is gener-
ally accepted too. A good example can be found in U.S. v. Pfizer, where the court stated:
“Certainly, uniformity of price may be and has been considered some evidence tending to
establish an illegal agreement”.* Our finding indicates that several bidders submitting a
bid equal to the reserve price may not be explained by collusion but by the existence of
financial externalities.

In the next subsection, we discuss the related literature.

1.1 Related literature

Our paper is related to a large range of papers in finance, industrial organization, and

micro-economics that study similar models. In order to better link our paper to this

4 United States v. Chas. Pfizer Co., Inc., 217 F. Supp. 199 (1963) at 201.



literature, we anticipate some of the specifics of our model.” We define the utility function
of each bidder ¢ as follows:
; = e, 1
Uz(]ab) { ©b if j 4, ( )
where v; is the value that ¢ attaches to the auctioned object, j is the winner of the
auction, b is the payment by the winner, and ¢ > 0 is the parameter indicating financial
externalities.
Engers and McManus (2004) investigate a related model in the context of charity

auctions, employing the following payoff structure:

o [ui—btOb ifj=i

The parameter A > 0 can be interpreted as an altruistic feeling a person obtains if
another bidder wins the auction (as the auction revenue is transferred to a charitable
organization). € > A represents the utility the winner gets for her own contribution,
where 6 — ) is interpreted as the winner’s ‘warm glow’ for giving to charity. Engers and
McManus’ model is a special case of ours in the sense that in the absence of a reserve price,
the equilibrium bids in Engers and McManus can be constructed from the equilibrium

bids in our framework. To see this, rewrite (2) as

. o~ AN UZ'—B lfj:Z
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where

b = (1-0)b,and

A

° =T

so that our model applies with the utility function @. Observe that a strictly positive
reserve price may imply that the candidate for the equilibrium bid in our model is below
the reserve price, as this bid is constructed by multiplying the equilibrium bid in Engers

and McManus by 1 — 6 < 1. Engers and McManus study their model in an independent

®We are grateful to an anonymous referee for suggesting this set-up.



private value setting, while we focus on a more general setting with independent private
signals.

Quite some papers in the literature study special cases of Engers and McManus’ model,
and hence special cases of ours.® For instance, Engelbrecht-Wiggans (1994), Bulow et al.
(1999), Ettinger (2003c), and Goeree et al. (forthcoming) assume A = 6, and apply
this model to a large range of economic settings, including charity auctions and take-
over battles in which the bidding firms own a toehold in the target. Engelbrecht-Wiggans
(1994) analyzes a model with affiliated signals, while Bulow et al. (1999), Ettinger (2003c)
and Goeree et al. (forthcoming) study special cases of this model: Bulow et al. (1999)
focus on common values, Ettinger (2003c) and Goeree et al. (forthcoming) on independent
private values. Engelbrecht-Wiggans (1994) and Engers and McManus (2004) show that
SPSB generates more revenue than FPSB, a result we show to hold true in our context as
well. In contrast, Bulow et al. (1999) prove that small asymmetries in the toehold may
imply that FPSB is superior to SPSB in terms of revenues raised. Engers and McManus
(2004) and Goeree et al. (forthcoming) show that all-pay auctions dominate winner-pay
auctions (such as FPSB and SPSB) as in the latter auctions, bidders forgo a positive
externality if they top another’s high bid.

A specific interpretation of our model is a situation in which all losing bidders equally
share the payment by the winner, i.e., ¢ = 1/(n — 1), where n is the total number
of bidders. This may be the case in situations of ‘knock-out’ auctions organized by
bidding rings (Graham and Marshall, 1987, McAfee and McMillan, 1992, and Deltas,
2002), dissolving partnerships (Cramton et al., 1987, Angeles de Frutos, 2000, Kittsteiner,
2003, and Morgan, 2004), and heirs bidding for a family estate (Engelbrecht-Wiggans,
1994). If n = 2 and ¢ = 1, then FPSB and SPSB are special cases of the k-double
auction with k¥ = 0 and k = 1 respectively (Van Damme, 1992 and Kittsteiner, 2003).7

We add the following to the above mentioned papers. First, we derive comparative

statics that are different from the ones in the other models. For instance, Engelbrecht-

SEttinger (2003a) studies a more general model allowing for non-linear financial externalities, and
compares FPSB and SPSB in a model with complete information.

"The k-double auction has the following rules. Both bidders submit a bid. The highest bidder wins
the object, and pays the loser an amount equal to kbr, + (1 — k)by, where by, is the loser’s bid, by the
winner’s bid, and k € [0, 1].



Wiggans (1994) shows that the equilibrium bid functions of FPSB and SPSB are increasing
in 6 if A = 6. In our model, the effect of ¢ on the equilibrium bids can be both increasing
and decreasing.® Second, we examine the question whether the seller has an incentive
to share a fraction of the auction revenue with the losing bidders. Bulow et al. (1999)
show in their setting that the seller may increase the revenue of SPSB by giving a weak
bidder a toehold, in contrast to what we find in our model. Third, we analyze the effect of
the reserve price on the equilibrium bids, which, as mentioned, may be different than in
the above related settings since the one-to-one relationship between the equilibrium bid
functions ceases to hold. Ettinger (2003c) is one of the few papers that studies auctions
with a positive reserve price. In his framework, he finds a weakly separating equilibrium
for the ascending auction, while we observe pooling at the reserve price in our setting for
FPSB and SPSB.

There are several other papers related to ours. Jehiel and Moldovanu (1996, 2000),
Jehiel et al. (1996, 1999), and Das Varma (2002) study auctions in which losing bidders
receive positive or negative allocative externalities from the winner. More specifically,
they study the following model:

ui(J, ) = { Ziji_b 1?? ; ;,

where «j; is the externality bidder j imposes on bidder i (aj; > 0 [vj; < 0] if the externality
is positive [negative]). Since the utility of the bidders in these articles is affected by
the identity of the winner and not by how much the winner pays, these externalities
are clearly different from financial externalities. Jehiel and Moldovanu (2000) derive
equilibrium bid strategies that involve some pooling at the reserve price for SPSB with
positive externalities. This equilibrium structure is similar to the one we find in the case
of financial externalities.

Another set of papers focuses on situations in which bidding firms own shares in each
other (Ettinger, 2003b, and Dasgupta and Tsui, 2004). Firm i is controlled by shareholder

7, who also has a minority share in some of the other firms. The utility structure of these

8Intuitively, if both the winner and the losers profit from the payment by the winner, bidders do have
more incentive to bid higher than if only losers profit. This explains why the effect of # and ¢ can be
opposite.



models is
ui(J,b) = (v; = b) 0
where 0;; denotes the share of shareholder 7 in firm j. According to Dasgupta and
Tsui (2004), the seller expects more revenue in FPSB than in SPSB for the case of two
symmetric players, which is contrary to what we find.
Finally, Benoit and Krishna (2001) study a two-bidder model with complete infor-
mation in which two objects are sold sequentially. As bidders are budget constrained,
a particular bidder’s payoff is affected by the price paid by a rival bidder, so that their

model can be interpreted as a model with endogenously determined financial externalities.

2 The model

We consider a situation with n > 2 risk neutral bidders, numbered 1,2, ..., n, who bid for
one indivisible object. The auction being used is either FPSB or SPSB. Each of these two
auction types may or may not have a reserve price.

Essentially, we use Milgrom and Weber’s (1982) model with independent signals in-
stead of affiliated signals as a starting point. We assume that each bidder ¢ receives a
one-dimensional private signal t; (we also say that bidder i is of type t;). We will let
v;(t) denote the value of the object for bidder i given the vector t = (¢, ...,t,) of all
signals. Special cases are independent private value models (v;(t) only depends on ¢;),
and common value models (v;(t) = v;(t) for all 7, j,t). Without loss of generality, we
assume that the signals t; are independently drawn from the uniform distribution on the
interval [0, 1].”

We make the following assumptions on the functions v;.

Value Differentiability: v; is differentiable in all its arguments, for all 7,t

Value Monotonicity: v;(t) > 0, dv’( L >0, dv’( ) >0, and 6”1 t) > dvl ) for all 4, j, t

Symmetry: v;(...,t;, ..., 1, ...) = vj(...,tj, .. ...) for all tz,tj, . 7.

9Suppose the signals ¢; are drawn from strictly increasing distribution functions F;. Such a model is
isomorphic to a model with uniformly distributed signals ¢; and value functions 9;, where t; = F;(t;) and
i (t1, o tn) =0 (F7 (01),s oy 7 H(ER))-



Value Differentiability is imposed to make the calculations on the equilibria tractable.
Value Monotonicity indicates that all bidders are serious and that bidders’ values are
strictly increasing in their own signal and weakly in the signals of the others. Moreover,
it includes a single crossing property. Symmetry may be crucial for the existence of
efficient equilibria in standard auctions. Value Differentiability, Value Monotonicity, and
Symmetry together ensure that the bidder with the highest signal is also the bidder with
the highest value. These assumptions therefore imply that the seller assigns the object
efficiently if and only if the bidder with the highest signal gets it.

Also, let us define v(x,y) as the expected value that bidder i assigns to the object,
given that her signal is x, and that the highest signal of all the other bidders is equal to
y:

v(z,y) = E{v;(t)|t; = x,r?gzitj =y}
By Symmetry, v does not depend on 1.

The bidders are expected utility maximizers. Each bidder is risk neutral and cares
about what other bidders pay in the auction. The utility of the bidders is specified in
(1). It is a natural assumption to let a bidder’s interest in her own payments be larger

than or equal to sum of the other bidders’ interest in her payments, so that we assume

e <1/(n—1).

3 Zero reserve price

Consider FPSB and SPSB with a zero reserve price. In the case of direct financial exter-
nalities, the seller does not receive the entire bid of the winner. Therefore, we distinguish
between the seller’s expected revenues and the expected price, i.e. the total payment by
the winner. Of course, in the case of indirect financial externalities, the seller’s expected

revenues and the expected price are the same.



3.1 First-price sealed-bid auction

The following proposition characterizes the equilibrium bid function for FPSB.!? To derive
equilibrium bidding, we suppose that, in equilibrium, all bidders use the same bid function.
By a standard argument, this bid function must be strictly increasing and continuous.
Let U(t,s) be the utility for a bidder with signal ¢ who behaves as if having signal s,
whereas the other bidders play according to the equilibrium bid function. A necessary

equilibrium condition is that
oU(t, s)
0s

at s = t. From this condition, a differential equation can be derived from which the

=0

equilibrium bid function is uniquely determined. The auction outcome is efficient. Observe
that in the case of independent private values (v(z, y) only depends on z), the bid function

is strictly increasing in n.

Proposition 1 The unique Bayesian Nash equilibrium of FPSB is characterized by

t

© 1 dv(y,y) (y\@E—D0+e)
Bali.) = vlt.t) = oot ) - o= [ 2 (Y) . ©®
0

where Bi(p,t) is the bid of a bidder with signal t. The outcome of this auction is efficient.

Each of the terms of the right-hand side (RHS) of (3) has an attractive interpretation.
The first term is the equilibrium bid for a bidder with type ¢t in SPSB without financial
externalities, as in the absence of financial externalities, in SPSB, a bidder will submit a
bid equal to her maximal willingness to pay given that her strongest opponent has the
same signal as she (Milgrom and Weber, 1982). The second term is the bid shading that
would occur if all bidders attached the same value v(¢,t) to the object: in such a situation,
if a bidder wins at a bid of b, her utility is v(¢,¢) — b, while if an opponent wins at the
same bid, her utility is pb. Equating these utilities results in a bid of ﬁv(t, t). The third

10The proof of this and all other propositions are relegated to the Appendix.

10



term can be interpreted as the strategic bid shading because of private values. Note that
if o = 0, this term is equal to the standard strategic bid shading in FPSB.
This interpretation of the equilibrium bid function suggests that this function is de-

creasing in ¢, which in fact follows directly from (3):

Corollary 1 Increasing ¢ decreases Bi(p,t).

From Corollary 1, it immediately follows that the expected price is decreasing in .

Corollary 2 Increasing ¢ decreases the expected price the winner pays in FPSB.

Observe that Corollary 2 implies that the seller’s revenue is decreasing in ¢, both
for direct and indirect financial externalities. The seller’s revenue in the case of direct
financial externalities is a fraction (1 — (n — 1) ¢) of the revenues under indirect financial
externalities. Corollary 2 indicates that revenue under indirect financial externalities
is a decreasing function of ¢, which also holds true for direct financial externalities as
(1 — (n— 1)) is decreasing in ¢ as well. Therefore, it is not attractive for the seller to

have the losers share a fraction of the auction revenue.

Corollary 3 The seller cannot increase his revenue from FPSB by guaranteeing the losing

bidders a share of the auction revenue.

3.2 Second-price sealed-bid auction

Equilibrium bids for SPSB are obtained using the same logic as for FPSB. The analysis

reveals uniqueness and efficiency of the equilibrium bid function. Observe that in the case

of private values, the bid function does not depend on n.!!

' This is actually a quite subtle observation, as n does not appear in the expression for the equilibrium
bid. However, in general, v(¢,t) depends on n.

11



Proposition 2 The unique Bayesian Nash equilibrium of SPSB is characterized by

Ba(p,t) = v(t,t)—lfgov(t,t)—l—
© 1dv(y,y) 1—y\ '+
+(1+90)(1+290)/ dy (1—t) W @

t

where By(p,t) is the bid of a bidder with signal t. The outcome of this auction is efficient.

Each term of the RHS of (4) has its attractive interpretation. From the discussion
of FPSB, it follows that the first term is the bid in SPSB in the absence of financial
externalities, and the second term is the bid shading in the hypothetical situation that
all bidders attach the same value v(t,t) to the object. The third term increases the bid
as a bidder of type ¢ has an incentive to drive up the payment by types above t.

In contrast to FPSB, the effect of an increase in ¢ on the equilibrium bids in SPSB is
dependent on a bidder’s type. From (4), it is clear that the equilibrium bid of the highest
type is decreasing in . The reason is that as this bidder does not have a type above
her, she does not have an incentive to drive up the price. However, the effect of ¢ on
the equilibrium bids of the other types is not clear. The effect of the second term of the
RHS of (4) may be larger as well as smaller than the third term. The following example

illustrates how equilibrium bidding is affected when ¢ is varied.

Example 1 (Effect of ¢ on equilibrium bidding) Let v(t,t) =t for allt € [0,1]. The

equiltbrium bid function is given by

%) 1
B t) = t, t 1].

As By is a continuous function in both @ and t, the following can be derived. First, there

is a strictly positive mass of types close to zero for which the effect of ¢ is ambiguous in

12



the sense that for ¢ close to 0, an increase in ¢ leads to higher bids and for ¢ close to 1,

an increase in @ leads to lower bids. This follows from the following observations.

9B5(0,0)

=1>0
%) ’
and
0B
Op 36

Intuitively, if ¢ is large enough, Ba(p,t) decreases as for each bidder, losing becomes more
interesting due to higher financial externalities. Second, the equilibrium bids of types close
1

to 1 are decreasing in . This follows from the fact that By(p,1) = o

Also, the effect of ¢ on the expected price paid by the winner is ambiguous. This
follows from Example 2, in which the expected price is increasing if ¢ is small, and

decreasing if ¢ is large.

Example 2 (Effect of ¢ on the expected price) Let v(t,t) = t and n = 2. The
expected price is equal to the expectation of Bg(w,t@)) with respect to the second highest
signal t2), which is given by

14+ 4p

B Balen )} = 5 o oy

This continuous function is increasing for ¢ close to 0 and decreasing for ¢ close to 1, as

8Et<2){BQ(O,t(2))} _ 1 -0,
Op 3

and
OB {Bx(1,t®)} 11

= —— <0.
dp 108

Example 2 shows that for small ¢, the expected price paid by the winner may increase
if ¢ increases, which suggests that the seller might gain more revenue by guaranteeing the

losers a fraction of the payment he receives from the winner. This, however, turns out not

13



to be the case. We prove this proposition by using the famous revenue equivalence theorem
(Myerson, 1981), which states that the expected utility of the lowest type is a sufficient
statistic for the ranking of efficient auctions: the higher the utility of the lowest type,
the lower the expected revenue.'? First, consider the standard case in which the bidders
obtain no indirect financial externalities. If the seller pays the losers a fraction of the
auction revenue, the lowest type’s expected utility goes up from zero to a strictly positive
number. The reason is that the lowest type gets a fraction of the second highest bid,
which is strictly positive (see Proposition 2). As SPSB is efficient, the seller’s expected
revenue decreases. This result turns out to remain valid if the bidders do experience
financial externalities, indirect or direct (e.g., the bidders own a share in the seller), as

the lowest type’s utility is strictly increasing in ¢.

Proposition 3 The seller cannot increase his revenue from SPSB by guaranteeing the

losing bidders a share of the auction revenue.

3.3 Revenue comparison

Let us compare the expected revenue from FPSB and SPSB. Observe that the revenue
ranking of the two auctions is the same for direct and indirect financial externalities,
since the revenue in the case of direct externalities is a fraction (1 — (n —1)¢) of the
revenue under indirect externalities. As said, the auction for which the lowest type obtains
the highest expected utility generates the lowest expected revenue. It turns out that if
0 < ¢ < ﬁ, SPSB generates a strictly higher expected revenue than FPSB.'® For

= ﬁ, both auctions are revenue equivalent, which follows as the utility of the lowest

type is the same for both auctions.

12Maasland and Onderstal (2002) show that the revenue equivalence theorem remains valid in the case
that financial externalities are introduced.

13Engelbrecht-Wiggans (1994) claims the same result, but his proof is not correct. Engers and McManus
(2004) derive this result in an independent private values model that is a special case of ours.

14



Proposition 4 For ¢ < ﬁ, SPSB generates a strictly higher expected revenue than
FPSB. For p = ﬁ, FPSB and SPSB are revenue equivalent.

Intuitively, in SPSB, a bidder can increase the payment by the winner by submitting
a higher bid, which is not the case for FPSB. However, this argument does not hold true
if p = ﬁ Of course, when the financial externalities are direct, the winner’s payment
is entirely distributed among the losers, so that the seller’s revenue in both auctions is
zero. Note that this implies that the expected utility of the bidders is the same for both
auctions because both auctions have an efficient allocation of the object. As bidding is
not affected by whether the financial externalities are direct or indirect, FPSB and SPSB
yield equal expected utility to the bidders in the case of indirect financial externalities.
Then it immediately follows that also for indirect financial externalities, FPSB and SPSB

are revenue equivalent.

4 Positive reserve price

Consider FPSB and SPSB with a reserve price R > 0. In order to keep the model

tractable, we assume that the independent private values model holds. With some abuse

of notation, we write v;(t) = v(¢;) for all 7, t, where v is a strictly increasing function.
This section focuses, among other things, on the existence of weakly separating Bayesian

Nash equilibria, for which the following definition applies.

Definition 1 A weakly separating Bayesian Nash equilibrium is a Bayesian Nash equi-
librium in which all types below a threshold type abstain from bidding, and all types above

this type submit a bid according to a strictly increasing bid function.

4.1 First-price sealed-bid auction

FPSB has a symmetric equilibrium that involves pooling at the reserve price. We assume

that R < v(1), as otherwise, none of the bidders has an incentive to submit a bid as their

15



value would not be higher than the reserve price. Proposition 5 describes a Bayesian Nash
equilibrium in which bidders with a type below a threshold type L do not bid, types in
an interval [L, H| submit a bid equal to R, and bidders with a type t above the threshold
type H bid g®(t), where ¢g® is a strictly increasing function, defined as

t
gR(t) = (n . 1)t7(n71)(1+g0) /y(nl)w+n2v<y)dy + U<H)H(n71)(1+<p)

H

More specifically, let
H =min{l,v" (14 ¢) R)} (5)

and L be the unique solution of
QOR (p(H7 L) _Ln_l) :p(Ha L) [U(L) _R]> (6)

where

P H) =~ (1" — 1) (7

(H—L)
is the probability that a bidder wins given that she bids the reserve price.

For type H, the indifference relation (5) follows as she is indifferent between bidding
R and submitting a bid just above R. These two bids result in a different outcome if H,
when bidding R, loses against another bidder who also bids R. A bid just above R gives
her utility v(H) — R, while bidding R results in pR.

The indifference relation (6) for type L is constructed as follows. L is indifferent be-
tween bidding R and abstaining from bidding. The outcome is different in two situations:
first, if the bidder wins against another bidder who bids R (which occurs with probability
p(L, H)— L"), and if no other bidder bids (which happens with probability L"~!). Note
that v(L) > R: a bidder with a value below R will never enter the auction, as by enter-
ing, she increases her probability to win the object, which gives a negative utility, while
potentially forgoing a positive pay-off when the highest of the bids of the other bidders is
R.

Proposition 5 describes an equilibrium for the following reasons. First, L is indifferent
between abstaining from bidding, and submitting a bid equal to the reserve price. Sec-

ond, H is indifferent between bidding R (and therefore pool with all types in the interval
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[L, H]), and bidding marginally higher than R. Third, the incentive compatibility con-
straint for types above H results in the same differential equation as the bid function for

FPSB without reserve price, of which ¢t is the solution satisfying the boundary condition

g®(H) = R.

Proposition 5 Assume independent private values and R < v(1). Let Bf(p,t), the bid
of a bidder with value t, be given by

g®(t) ift>H
Bi(p,t)={ R fL<t<H
“no bid” ift < L
where H and L follow from (5) and (6) respectively. Then Bf(p,t) constitutes a sym-
metric Bayesian Nash equilibrium of FPSB if R > 0.14

To get an intuition why pooling at R occurs in equilibrium, consider a situation in
which n = 2, v(t) = t,and 1 > R > ﬁ. In that case, H = 1, so that bidders either
abstain from bidding, or bid R. To see why this happens in equilibrium, suppose that one
of the two bidders submits a bid b = R if her type exceeds L, and abstains from bidding
otherwise. It could be a best response for the other bidder to bid R as well if her value is
high enough. To see this, note that if she loses, then her utility is

® vt
R > > ,
L

whereas winning gives her a utility of at most

1 ¢ ¢
f—R<t——— <t-— 9
1+ 1+ 1+

Low types are then willing to lose the opportunity of getting the object by abstaining

from bidding. High types bid R, assuring themselves the object if the other bidder does

not bid, but also making sure that if the other bids, to lose as often as possible.

Note that Bf(p,t) is continuous at H. This must be the case in equilibrium. Suppose, on the
contrary, that the bid function has a jump at H. Then a bidder with a type slightly higher than H has
an incentive to deviate from the bid strategy to a bid just above R.
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In contrast to a situation without financial externalities, there exists no weakly sepa-

rating Bayesian Nash equilibrium for FPSB:

Proposition 6 Assume independent private values. FPSB has no weakly separating

Bayesian Nash equilibrium if R > 0 and ¢ > 0.

The proof of Proposition 6 is by contradiction. If a weakly separating Bayesian Nash
equilibrium existed, all types exceeding v~ (R) (the type for whom the object is worth
R) would submit a bid according to a strictly increasing equilibrium bid function. This
function can be constructed in a similar way as the equilibrium bid function for FPSB
without reserve price. A contradiction is established, as any strictly increasing equilibrium

bid function requires a bidder with type v~!(R) to submit a bid below the reserve price.

4.2 Second-price sealed-bid auction

The shape of the equilibrium of SPSB when the seller imposes a reserve price R > 0
depends on the level of R. Let us start by observing that, regardless of R, all bidders
who submit a bid above the reserve price do so according to the same bid function as
in the absence of a reserve price. This implies that, in contrast to FPSB, SPSB has
a weakly separating Bayesian Nash equilibrium given that the reserve price is not too
high. This observation follows trivially when the reserve price is smaller than the lowest
submitted equilibrium bid, which is strictly positive according to Proposition 2. However,
in nontrivial cases weakly separating Bayesian Nash equilibria also exist. According to
Proposition 7, for low R, types up to a threshold type t abstain from bidding, and types

above t submit the same bid as in the case of no reserve price.

Proposition 7 Assume independent private values. SPSB with reserve price R has a

weakly separating Bayesian Nash equilibrium if and only if R < By(,v Y(R)). If such
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an equilibrium exists, then it is given by:

By(p,t) ift>1
R _ 2 ) v
B2 (¢7t) - { “no bid” th <t
where BE(p,t) is the bid of a bidder with value t. If R < By(,0), thent = 0, otherwise

t is the unique solution of

~ ~

B0, )1 = 1) + 1" [v(t) — B] = (1 —H)R. (8)

The threshold type t is indifferent between bidding Bg(go,tA) and abstaining from bid-
ding, and hence follows from equation (8).

An intuition for the condition R < By(¢p, v !(R)) being necessary is the following. In a
weakly separating Bayesian Nash equilibrium, a bidder with type R is always prepared to
submit a bid of at least R. To see this, observe that for this bidder, in a weakly separating
Bayesian Nash equilibrium, a bid equal to R yields the same revenue as abstaining from
bidding. However, in equilibrium, each type that submits a bid does so according to
the equilibrium bid function for the situation with no reserve price. This implies that if
By(¢,v1(R)) < R, a bidder with type R would submit a bid below the reserve price,
which is not possible, and a contradiction is therefore established.

The condition R < By(p, v !(R)) is sufficient for the following reason. As said, in a
weakly separating Bayesian Nash equilibrium, each bidder who submits a bid does so as
if there were no reserve price. Then, for the existence of a weakly separating equilibrium,
it remains to be checked that By(p,1) > R. If By(p,v™'(R)) > R, then there is a type
t < v~Y(R) for which B,(y,1) = R. As a reserve price does not affect equilibrium bidding
of types that submit a bid, it follows that if type ¢ would submit a bid in equilibrium, she
would submit a bid equal to R. However, type v~'(R) is indifferent between bidding R
and not submitting a bid, so that ¢ prefers not to submit a bid. Therefore, t must exceed
t, so that indeed Bg(go,tA) > Bg(go,%v) — R. Observe that ¢ jumps to a bid strictly above
the reserve price when By(y,t) > R.

The necessary and sufficient condition R < By(p,v™'(R)) implies that only for small

R, a weakly separating Bayesian Nash equilibrium exists. As said, the existence of such
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an equilibrium is trivial in the case of small R. However, for R close to v(1), R >
Bs(p,v1(R)), as, by Proposition 2, By(p,1) < v(1).

If the condition R < Bsy(p, v '(R)) is violated, then there may be an equilibrium with
pooling at R. If max{By(p,v "1 (R)), B2(p,1)} < R < v(1), all types above a threshold
L submit a bid equal to the reserve price. Type L is indifferent between bidding and not

bidding and follows uniquely from a similar condition as in FPSB:
¢R(p(1,L) = L") = p(1,L) [v(L) — R]. (9)

Moreover, if R > v(1), none of the bidders submit a bid in equilibrium, as the value of

winning for none of the bidders exceeds the reserve price.

Proposition 8 Assume independent private values. Consider SPSB with reserve price
R. If R > max {Bs(p,v"*(R)), Ba(, 1)}, then the following bidding strategies constitute

a Bayesian Nash equilibrium.:

R ifL<t<1
R _ =
B2 (Qpat) - { “no bid” th S L

where L =1 if R > v(1), and L follows from (9) otherwise.

The most involved case is Ba(p, v (R)) < R < By(ip, 1). If this condition holds, then
types below a certain type L abstain from bidding, bidders between types L and H bid
the reserve price, and types t > H bid By(p,t). The threshold types L and H respectively

follow from the following indifference relations:

[p(L,H) = L" | 9R = p(L,H)(v(L) - R) (10)
[q(H) +r(L, H)]pR = q(H)eBs(p, H) +r(L, H) (v(H) — R). (11)

where p(L, H) is the probability that a bidder wins given that she bids the reserve price,
q(H) is the probability that exactly one bidder has a type above H, and r(L, H) is the
probability that a bidder does not win given that she bids R and that the highest type
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of the other bidders does not exceed H. More specifically, p(L, H) is defined in (7),

q(H) = (n—1)(1— H)H"?, and

r(L,H) = H"'—p(L H).

The indifference relation (10) for type L is constructed as follows. L is indifferent be-
tween bidding R and abstaining from bidding. The outcome is different in two situations:
first, if the bidder wins against another bidder who bids R (which occurs with probability
p(L, H) — L"), and if no other bidder bids (which happens with probability L"1).

For type H, the indifference relation (11) follows as she is indifferent between bidding
R and submitting a bid By(¢, H). These two bids result in a different outcome under the
following two conditions: first, exactly one bid exceeds R, so that H determines the price
of the winner (this event has probability ¢(H)), and second, H, when bidding R, loses
against another bidder who also bids R (probability (L, H)).

Proposition 9 Assume independent private values. Consider SPSB with reserve price
R. If Bo(p, v (R)) < R < Bsy(p, 1), the following bidding strategies constitute a Bayesian

Nash equilibrium:
By(p,t) ift>H
BEp,t)=¢ R ifL<t<H
“no bid” ift < L

where (L, H) is a solution of the system of equations (10) and (11).

To summarize: SPSB has no less than five types of equilibria if the seller requires a
minimum bid R. First, if R < By(p,0), all bidders submit a bid according to By(ip,1).
Second, if R > v (1), no bidder bids. Third, if Ba(¢,1) < R < v (1), all bidders above
a threshold bid exactly the reserve price. For R € (Ba(¢,0), Ba(p,1)), the condition
Bsy(¢, v (R)) > R becomes crucial. If this condition holds true, types up to a threshold
do not bid, and types above this threshold submit bids according to Bs(p,t). Otherwise,
low types abstain from bidding, intermediate types pool at R, and high types ¢ bid
By(p,t). All five types of equilibria are shown in Table 1.
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Reserve price Type of equilibrium
R < By(p,0) Separating

R € (Ba(p,0), Ba(p,1)) and R < By(p,v*(R)) Weakly separating

R € (By(y,0), Ba(p,1)) and R > By(p, v Y(R)) Pooling at R and high types bid above R
R € (Ba(p,1),v(1)) Only bids at R

R>wv(1) No one bids

Table 1: shape of the equilibrium bid function in SPSB depending on the level of the

reserve price.

5 Concluding remarks

We have studied auctions in which losing bidders obtain financial externalities from the
winning bidder. We have derived bidding equilibria for FPSB and SPSB, and we have
shown that the seller cannot gain more revenue by guaranteeing the losing bidders a
fraction of the auction revenue. Additionally, SPSB dominates FPSB in terms of expected
auction revenue if ¢ < ﬁ and both auctions are revenue equivalent if ¢ = ﬁ Moreover,
we have studied equilibrium bidding for FPSB and SPSB when a reserve price is imposed.
We have observed pooling at the reserve price for FPSB, and for SPSB if the reserve price
is sufficiently high.

Motivated by the observation that in SPSB, low signal bidders increase their bids
when ¢ is increased (provided that ¢ is not too large), a model with asymmetries in the
valuation function may be fruitful to study. One may imagine that with one bidder with a
low value and another with a high value, the price in SPSB may be higher with financial
externalities than without financial externalities, as the bidder with the low value has
an incentive to push up the price when ¢ is strictly positive. This indicates that the
seller may have an incentive to promise low value bidders a share of the auction revenue.
Indeed, Goeree and Offerman (2004) show that in asymmetric environments, the seller

may obtain more revenue by rewarding one of the losing bidders a fraction of the auction

revenue.
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6 Appendix

Throughout the Appendix, we let FI! [F [2]] denote the cumulative distribution function
of the first [second] order statistic of n — 1 draws from the uniform distribution on [0, 1],

and fIU [f?] the corresponding density function.

PROOF OF PROPOSITION 1. A higher type of bidder cannot submit a lower bid
than a lower type of the same bidder. (If the low type gets the same expected surplus
from strategies with two different probabilities of being the winner of the object, the
high type strictly prefers the strategy with the highest probability of winning. Therefore,
the high type will not submit a lower bid than the low type.) Also, Bi(y,t) cannot be
constant on an interval [¢',t"]. (By bidding slightly higher, a type ¢” can largely improve
her probability of winning, while only marginally influencing the payments by her and
the other bidders.) Moreover, B;(p,t) cannot be discontinuous at any t. (Suppose that
Bi(p,t) makes a jump from b to b at t*. A type just above t* has an incentive to deviate
to b. Doing so, she is able to decrease the auction price, while just slightly affecting her
probability of winning the object. As ¢ is small enough, she is able to improve her utility.)
Hence, a symmetric equilibrium bid function must be strictly increasing and continuous.
Define the utility U(t,s) for a bidder with signal ¢ who misrepresents herself as having
signal s, whereas the other bidders report truthfully, if the bid function is indeed strictly

increasing. Then,
s 1

Ut9) = [ oltn)dF(e) = FI6) B, + ¢ [ Bule )i,
0 s
The first two terms of the RHS of this expression refer to the case that this bidder wins

the object. The third term refers to the case that she does not win. Assume that Bi(e, s)
is differentiable in s. Maximizing U(t, s) with respect to s and equating s to ¢ gives the

FOC of the equilibrium
FU(tt) = U6 Bu(p,t) = FU)Bi (0. t) — 0Bi(p. ) fU(t) = 0.
With some manipulation we get
FU@)? fU@)u(t 1) = (1 + ) Bile, t) () FU ()7 + Bi(o, ) FU) %, (12)
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or, equivalently,

t

Cr + / FU(y)2 fy)o(y, y)dy = FU() By (1),
0

where ('} is a constant. Substituting ¢ = 0 gives C; = 0, so that the bid function is given

by

)\
Bi(p,t) = F[}](ﬂ/(?[l](g))) f[l](y)v(y,y)dy

0
t

= (0= [ gy (13)
0

It is readily checked that the second order condition sign (%) = sign(t—s) is fulfilled.
8Bl (907t)

ot >

Using integration by parts, (13) can be rewritten as (3). From (12), we infer that

0 if and only if Bi(p,t) < ”1(12, so that indeed Bj(g,t) is strictly increasing in ¢, as
Value Monotonicity implies that %ﬁ’/’y) > 0 for all y. Finally, by Value Differentiability,
Value Monotonicity, and Symmetry, the efficiency of the auction outcome is established.

Uniqueness follows from a standard argument (see e.g., Bulow et al. 1999). B

PrROOF OF PROPOSITION 2. Following the lines of the proof of Proposition 1 it
can be established that a symmetric equilibrium function must be strictly increasing and
continuous. The utility for a bidder with signal ¢ acting as if she had signal s is given by

s 1

Ut9) = [ [o(t:9) = Balon)ldF o) + em(s) Bl s) + 0 [ Bale,n)dFPI),
0 y=s
where 7(s) = F?/(s) — FIUl(s) denotes the probability that there is exactly one opponent
with a signal larger than s. The first term of the RHS refers to the case that this bidder
wins, the second term to the case that she submits the second highest bid, and the third
term to her bid being the third or higher. Assume that Bs(y, s) is differentiable in s. The
FOC of the equilibrium is

o00,0) — B, 01290 + o TOTED o) o) = 0
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or, equivalently,

o(t, 8) fU(t) = =By, t)pr(t) + Ba(p. t)[(1 + ) fH(2)]. (14)

The general solution to the above differential equation is equal to
t

Byl t)(1— )5 = 0y — / (1 - )% 0(y, v)dy,

where (5 is a constant. Substituting ¢ = 1 yields a unique solution for Cj:

Cy — / (1 - ) ¥y, v)dy.

The only possible differentiable bid function that may constitute a symmetric equilibrium

is given by
1

By(p,t) = é(l — g / (1 - 9)F v(y.y)dy. (15)

t
It is readily checked that the second order condition sign (%) = sign(t — s) holds.
Using integration by parts on Bs(p,t), we see that (15) can also be written as (4). To
complete the proof, we must show that Bz(p,t) is indeed increasing in t. From (15), it
follows that

oo fa-pil

BQ(Spv t) > — .
pl—t)e 1+
As (14) implies that Bj(¢,t) > 0 if and only if By(p,t) > vl(fr’;), Bs(ip, ) is indeed strictly

increasing in t. Then, by Value Differentiability, Value Monotonicity, and Symmetry, it
follows that the outcome of the auction is efficient. Uniqueness follows from a standard

argument. H

PROOF OF PROPOSITION 3. As stated in the text, it is sufficient to show that the
expected utility U;(0) of the lowest type is increasing in . If n = 2 and if the lowest type
is present, then the price paid is equal to her bid. Therefore,

U2(0) = @Ba(p,0)

1

- /(1 — )7 u(t, t)dt.

0
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which is strictly increasing in . If n > 2, then the bidder receives financial externalities
equal to ¢ times the second highest bid. Therefore, using the expression for the bid

function in (15),

1

Ua(0) = / Byl 1)dF (1)

— (n-1)n-2) / 31— 1)t / (1 - 9)F vy, y)dydt (16)

— (—1)(n-2) /1 n=3 /1 <11;_1t/)iv(y,y)dydt,

which is strictly increasing in ¢ as in the inner integral, y > ¢. B

PrROOF OF PROPOSITION 4. (The proof follows the same logic as the proof of Propo-
sition 5 in Bulow et al. 1999). Let U;(0) and Uy (0) be the equilibrium utility of the lowest
type in FPSB and SPSB respectively. According to Maasland and Onderstal (2002), for
SPSB to generate higher [the same] expected revenue than [as] FPSB, it is sufficient to
show that U;(0) > Ux(0) [U1(0) = Uy(0)]. We split the proof in two cases: n = 2 and
n > 2.

We start with the case n = 2. As the outcome of both auctions is efficient, a bidder
with type 0 loses the auction with probability 1, and gets financial externalities as the
other bidder has to pay. For FPSB, the expected price paid by the other bidder is the
expectation of her bid (13). Hence,

1

0(0) = ¢ / Bu(p. t)dt

t

0
1
= o / tle / y*u(y, y)dydt
0

0
1

1
= ¢ / y?o(y,y) / t 1 vdtdy
0

Y

= /v(y,y) [1 —y¥]dy.
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Us(0) is already determined in the proof of Proposition 3:

1

U(0) = /(1 — ) ot Bt

0

The difference between U;(0) and Uy (0) can be expressed as

U (0) — Us(0) = /1 {1 — - (1- t)i}v(t,t)dt.

For ¢ < 1 [p = 1], U1(0) — Us(0) > 0 [U1(0) — Us(0) = 0], as the expression in curly
brackets has expected value zero, and is strictly negative for all ¢ € (0,%) and positive for
all t € (£,1) for some # [is zero for all t € [0, 1]].

Let us now consider the case of n bidders. Using the expression for the bid function
in (13) and Uy(0) in (16), we derive that

1

0(0) = ¢ / By(p. tydF (1)

tflfga(nfl) /yw(nl)+n2v<y,y)dydt
0

= (n—-1)%

o
= =

1

= (n—1)% / y?r I 20y, y) / t= 1A D ddy
0

Y
= (n-1) / P2y (y, y)dy
0

and

1

"3 (1 —t)” /(1 —y)iv(y y)dydt

= (n—1)( / vvy, /t”31—t vdtdy
0 0

U2(O) = n— 1

1

= (n— 1)/ Y — é (1—y)* /t" 2(1— )"kt p o(y, y)dy.

0

The difference between U;(0) and Uy (0) can be expressed as
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1

Yy
U(0) — Us(0 1 1 1
DO 20 [{oyiey 2 a—yF [0 07 o)y
n—1 %)
0 0

For ¢ < == [p = =], U1 (0) — U5(0) > 0 [U1(0) — Ux(0) = 0], as the expression in curly
brackets has zero expected utility, and is strictly negative for all y € (0, ) and positive
for all y € (g,1) for some § [is zero for all y € [0, 1]].

The following observations prove the last statement. Let

Y

1 X i
g(p,n,y) = —yPr D2 (1 — )% /t“(l — )7t
©
0

The expectation of g(¢,n,y) with respect to y is

1 1 1
_ 1 I 2 -2 Y- _
0/9(807”79)6@— o) (n—1) + (po/t (1—1) t/(l y)* dydt = 0.
Define
fy) = ¢(1-y) % glp,ny)

)
= —p (1 — y)fé yw<n*l)+n*2 + /tn2<1 — t)féfldt.
0

Note that f(0) =0, and f(y) is negative for positive y close to 0, as the first [second] term
on the RHS is of the order y#™ D+"=2 [y»=1] and ¢ (n — 1) +n — 2 < n — 1. Moreover,

fyy=—[en—-1)+n—-2l¢(1— y)‘% y<p(n—1)+n—3 4y (1 B y(p(n_l)) (- y)_é_l'
Note that lim,y f/(y) = +o0, and that for y € (0,1), f'(y) = 0 implies
(y+lp(n—1)+n—2p(1—y)} =y #rD.

As the function on the LHS is linear, the one on the RHS concave, and the equality holds
for y = 1, there is at most one point y € (0,1) at which f/(y) = 0. This implies that f
is strictly negative for all y € (0,7) and positive for all y € (g, 1) for some ¢, so that the

same holds true for g.
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For ¢ = -1, we prove that g (¢ = —%5,n,y) = 0 for all y € [0,1] by induction to n. It
is straightforwardly checked that g(¢ = 1,2,y) = 0. Suppose that ¢ ((p = ﬁ, n, y) =0
for some n > 2. We now show that this implies that g (go = %, n+1, y) =0

Y

1
g(—,n+1,y) Ly n(l—y)" / L= o) e
n
0
Y

i R A CE R R M (RN
0
= =" +y T -(1-y) {g (L n, y) + y’”}
n—1
— 0.

PROOF OF PROPOSITION 5. Assume that threshold types L and H exist such that
in equilibrium all types ¢ < L abstain from bidding, all types ¢ € [L, H] bid R, and all
types t > H bid according to a strictly increasing bid function g’

p(L, H) is constructed as follows:

p(L,H) = S.l (n;1>L”1i(H—L)i

p 141
1 " /n n—j j
- ”(H—L);<j)L =
_ —n(Hl_L) (H" — L").

For type L, the indifference relation is

¢R (p(H,L)—L"") = p(H,L)[v(L)— R =

. Lt w(l)-R
p(H, L) R
,n (HL™'—L")  w(L)—R
Hn — Ln B ©R
n(HL"™ — H) o(L)— R
—n— = = 1
S 7 Ty 57 oR an

L is uniquely determined from (17) as the LHS of (17) is strictly decreasing in L and the
RHS is strictly increasing in L for L > 0.
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A type H is indifferent between bidding R and bidding an infinitesimal § above R.
These two bids only yield a different outcome if all other types are lower than H. The
difference between bidding R and a bid just above R is that in the former case the bidder
always wins and gains v(H) — R, whereas a bid equal to R may result in utility @R if
another bidder also bids R. Hence, H is indifferent if and only if

v(H)=(14+¢)R.

In order to complete the proof, we need to check whether types have no incentive to
deviate from the proposed equilibrium. We only check if a type t > H has no incentive
to mimic another type ¢ > H, as by a standard argument, other deviations are not
profitable. Incentive compatibility of types t > H implies that ¢* should follow from
the same differential equation as derived in the proof of Proposition 1 with the boundary
condition g®(H) = R. This is indeed how g% is constructed.

Finally, we should establish that g(t) is strictly increasing for ¢ > H. Analogous

o)

to the proof of Proposition 1, this is the case if and only if g¥(t) < T for almost all

€ [H,1]. Now,

gR(t) = (n-— 1)t*(n71)(1+w) /y(”D“””%(y)dy—kv(H)H“1)(”“’)
H

_ v(t) )(1+¢) /yn1<p+1 (y)dy
1+¢ I+
H
t
PO
I+

PrROOF OF PROPOSITION 6. The proof is by contradiction. Suppose that a weakly
separating equilibrium does exist. Then all types above a threshold type ¢ submit a bid
according to a strictly increasing bid function, which we denote by 5. Then it must be
the case that 3(f) = R (a bid strictly below R is not allowed, and it cannot be the case in
equilibrium that 3(f) > R, as ¢ would strictly prefer to deviate to a bid of R). Moreover,
type t is indifferent between bidding R and not bidding, which only makes a difference if
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no other bidder bids. Therefore, the indifference relation for # is:
0=nov(t) - R

so that £ = v~!(R). Now, analogously to the proof of Proposition 1, the utility of a type
¢ that wishes to mimic a type s > ¢ is given by

s 1
Utt,s) = [ oaF )~ FU)5(0) + ¢ [ 8)aP )
n s
The equilibrium bid function follows from the condition

oU(t, s)
0s

=0
at s = t, which results in the following differential equation:
FU@)2 fU(@(t) = (1+ )8 U@ FY ()7 + /(1) FU(E) . (18)

Then a necessary condition for ( to be strictly increasing (the assumption we started with)

is 3'(t) > 0 for all t > ¢. (18) implies that this condition is equivalent to (t) < ff; , SO

that it must be true that

L@ _ R
5<t>§1+¢_1+¢

In other words, a weakly separating equilibrium can only exist if type ¢ submits a bid

< R.

strictly below R. However, this contradicts the fact that all submitted bids should exceed

the reserve price R. B

PrROOF OF PROPOSITIONS 7 - 9. Suppose that all types ¢ above a threshold type t
submit a bid above R according to a strictly increasing bid function g. Analogous to the

proof of Proposition 2, the utility of a type ¢ that wishes to mimic a type s > ¢ is given
by

Umﬂz/@w—amwﬂ@me@a@+¢/¢mﬂﬁwx

The equilibrium bid function follows from the condition

oU(t, s)

0s =0
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at s = t. This immediately leads to the same differential equation as derived in the proof of

Proposition 2 with the same boundary condition g(1) = ffrl;, so that Bl(p,t) = By(p,1)

is a solution for all R and t > t.
Now, suppose there is an R for which a weakly separating equilibrium exists. Then

there is an indifference type t such that

Ba(p,t) ift>1
R o 2 ) PN
BQ (@7 t) - { “no bid” ift <t

is an equilibrium. t is indifferent between submitting no bid, and submitting a bid equal
to By(p,1), so that indeed 7 follows from (8). By the intermediate value theorem, (8)
has a solution as for £ = 0 [t = 1], the LHS is smaller [larger] than the RHS. Moreover,

observe that (8) can be rewritten as

—~ " ~ o(1—-1R
oBp, D)+ — = [o(®) - ] = L8 (19

(19) has a unique solution as the RHS [LHS] is strictly increasing [decreasing] in .

A weakly separating equilibrium exists if and only if Bs (e, tA) > R, as all bids should be
above R. We will now show that By (i, ) > R is equivalent to the condition By(g, v~ (R)) >
R. Define t such that

By(p,t) = R. (20)

As By(p,t) is strictly increasing in ¢, ¢ is uniquely determined. Consider the function h

with
t" [u(t) — R
1—tn

for all £. Note that h is a strictly increasing function, with

h(t) = pBa(p,t) +

h(t) = ¢R,
(which follows from (8)), and
~ " [v(t) - R

Now, as Bs(p,t), h(t), and v(t) are strictly increasing in ¢,

~ ~ ~

By(p,t) > R=DBy(p,t)<=t>t<= h(t) > h(t) <= R>v(l) =
/Uil(R) > t~<:> B2<907/U71(R)) > BQ(SOv/tV) = R.
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Finally, if By(p, v (R)) < R, the pooling equilibrium is straightforwardly established.
What remains to be checked is whether the system of equations (10) and (11) has a

solution. First, we fix H > v~ !(R), so that L is a solution of
®(x) = [p(z, H) — "] pR — p(a, H) (v(z) — R) = 0. (21)

Note that ® is strictly decreasing. Moreover, ®(0) > 0 and ®(H) < 0, so that (21) has
a unique solution L(H) € (0, H). By the implicit function theorem, L is a continuous
function.

Now, we check that the following equation has a solution y > v~!(R):

U(y) = lq(y) +r(L(y),y)] oR — q(y)pBa(e,y) — r(L(y),y) (v(y) — R) = 0.

Observe that L(v™*(R)) = v~ }(R), so that ¥(v"}(R)) > 0 (as r(H,H) = 0 for all H,
and By(p,v ' (R)) < v7!(R)). Furthermore, let Z = v~ !((1+ ¢) R). Note that 7 €
(v71(R),1) and Bsy(p,7) > ﬁv(:ﬁ) = R.Y Then, ¥(7) = q(Z)¢ [R — Bs(p,7)] < 0.
Hence, by the intermediate value theorem, there is a y € [v™!(R), Z] for which ¥(y) = 0.1

Bi<lasv(@)=(1+p)R<(1+p)Bap,1)=0(1).
16The solution is not necessarily unique.
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